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Infinite discrete spectrum

We are interested in operators whose discrete eigenvatgeswlate to the edges of the
continuous spectrum.
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1D model: T = 32 +V(X) in L5(R4) with V ~ 2 atoeo: [0,00) C spectrum,
1 1
N(T,—€) ~ > (c— Z)+}In£}, g — 0.

Geometric operators: waveguidedDirichlet Laplacians in (long-range) peterubations of the
infinite cylindersQ x R (Briet, Raikov, Soccorsi, ...).

We are going to study the eigenvalues for several modeldvimgp“conical waveguides” whose
cross-section grows linearly at infinity.
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Continuous spectruf[k a?/4, +oo) , Infinitely many eigenval-

S ues below( — a?/4): Behrndt, Exner, Lotoreichik (2014).
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Geometry

Further models? Arbitrarily shaped cones?

We say that a surface/domainc R3 is conical if

AX=XforallA > 0.

Uniquely determined by thgpherical cross-section X N {|x| = 1}.

If Sis a conical surface, it%-neighborhood will be calledonical layer of constant
width d.

Three models:
Q is a conical layer, Dirichlet Laplacian @,
Sis a conical surface, Schrodinger operator wiibrpotential onS,
Q is a conical domain, the Laplacian@with Robin boundary condition

du_

— =qQqu.
an
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Curvature and layers

Sconical surfacethe cross-sectiory C S? is a sim-
ple C* loop with an arc-length parametrization

MT—R3 T:=R/({Z).
The tangent vectdr’, the normah=T x "',

Geodesic curvature := [T T].

Theorem. Let Q be a conical layer of widtd around
SandA be the Dirichlet Laplacian iQ, then

7-[2 00
N<A,¥—S)NC\Ins], £ 0, czj; (— 1)+,

wherey; are the eigenvalues of
If yis not a big circle £ Snot a plane), the€ > 0
and there are infinitely many eigenvalues.
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(o o 0) (. ) < (o

whereAg p/n are Laplacians if2g, Dirichlet ondQ M dQg, Dirichlet/Neumann ajix| = R

—s) +C,

The asymptotics o (AR,D/N, d—n;z — s) for e — 0?
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Proof: 1D reduction
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where

hg are the normalized eigenfunctionstof+ —h” on (— g, g) with the Dirichlet boundary

. : k2
conditions. The eigenvalues aﬂaz— k=12,...,
K2
gj are the orthonormalized eigenfunctionsgef> —g” — Zg onT. The eigenvalues ang.

d? i—1/4 c K\ 2 .
_dr2+uj rz/ +r_3+(F) in L2(R ) (+ b.c. atR).

Only k=1 andu;j < 0 contribute, and one can use the known 1D result.

ThenA~ @j,kAj,k with Ajk=
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O-Interaction

Under the same assumptions §nliterally the same result is expected for the
Schrddinger operators wiibrpotentials: the associated quadratic form is

HY(R3) 5 U ]Du]zdx—a/\u\zds
R3 S

Some technical details are still be be worked out: the arsatysa conical layer of a
non-constant width arourd(in preparation, with T. Ourmieres-Bonafos)

—n. 8/12



Robin Laplacian

Let Q be bounded by a conical surfaSas above.

N
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Robin Laplacian

Let Q be bounded by a conical surfaSas above.

NL

Fora > 0, consideiQf Laplacian inL?(Q) with Robin boundary conditions:

u— —Au, @ =qauatS
on

The quadratic form is
HY(Q) 5 us / IDluf2dx— a/ uf?ds.
Q S
Difference to the previous cases:
Theorem (KP’2015). The continuous spectrum is a2, o) and:
° If Qs the exterior of a convex set, then the discrete spectriamysy.
* Otherwise, infinitele many eigenvalues belewr?.

(Attention: smoothness of the boundary is important!)

—n.9/12



Proof for convex Q¢

Continuous spectrurii-a?, +): standard (cutting out a compact part + approximate
eigenfunctions): Bruneau, Popoff (2016).
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Due tok; <0 we havel > 1, and
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Sx ]R_|_ X]R_|_

)(Du)(d)(s,t)) )2 > )(n- Ou) (d(s,t)) ‘2 = ‘

= (L

i.e.Q¥ > —a?.

and

d 2 2 2
Eu(d)(s,t))’ dt —a|u(s,0)|"+a /R+

lu(®(st)) ’zdt) ds> 0,
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Counting the eigenvalues

Theorem (Bruneau, KP, Popoff, 2016).
o) 2 a* 2
N(Qg,—a®—¢€)~ %[E(M) ds, €—0 (%)

(Note: Q¢ convex iffk < 0)
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Proof: Polar coordinates

LetZ := QN {|x = 1} be the cross section (spherical domain), then
Ry xZ>(r,0)—r6

IS a parametrization d.
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1
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0‘12

e O{I’K) on y (Born-Oppenheimer).

i.e. by corresponds to®Z,” for spherical domains- (—

Theorem. For someC > 0, there holds
N(Li,—€) —C < N(QZ,—a?—¢) <N(Lp,—¢&)+C,

with Lj acting inL?(R . x T) with the quadratic forms
U|—>/R [E ((1+aj(r))|ur|2+ +r2,(r) us|? — aK(s)rJch(r) u|2) dsdr,
_l’_

aj, bj, ¢j vanishing ato, and Dirichlet/Neumann b.c. at= 0.

Weyl asymptotics foN(Lj, —¢&): manual proof.
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