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Overview

1. Halfspace Matching for Waveguides

2. Numerical Examples
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A very “simple” model

Given k1 > ko > 0 and some incident
mode Ujy,e, find U : R?2 — C such that

AU +k*(2)U =0 inR?
U — U, fulfills some radiation condition ko

ko
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A very “simple” model

k
Given k1 > ko > 0 and some incident 0

mode Ujy,e, find U : R?2 — C such that

AU +k*(2)U =0 inR?
U — U, fulfills some radiation condition ko

Questions:
» (?) Framework, radiation condition, well-posedness

» (?) Numerical treatment
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An even simpler model

k
Given Dirichlet data g on 012, find 0

U :R2\ Q — C such that k1

AU + (K*(2) +ie)U =0 inR*\ Q
U:g on 0f2 ko
Uec H'(R*\ Q)

5/27



An even simpler model

k
Given Dirichlet data g on 0f2, find 0

U :R2\ Q — C such that k1 Q

AU + (K*(2) +ie)U =0 inR*\ Q
U=g¢g onof2 ko
Uec H'(R*\ Q)

Questions:
» Framework, well-posedness: Clear! (H' framework, Lax Milgram)

» (?) Numerical treatment
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Numerical Methods
PML
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Numerical Methods

PML

Hardy space infinite elements Hohage, Nannen, ...
Local absorbing boundary conditions Klindworth, Schmidt
Matching of half-spaces Fliss, Tonnoir, ...
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Plane wave expansion
Let kg, € > 0 and let u be the solution of

Au+ (k3 +ie)u = 0 inR x R,
u(z,0) =u’(z) z€R
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Plane wave expansion
Let kg, € > 0 and let u be the solution of

Au+ (k3 +ie)u = 0 inR x R,
u(z,0) =u’(z) z€R

Then u can be expanded in the Form

1 o > 7 ~ N .
m —0oQ

[ldea: A+ k2 =02+ 924Kk 1.
——

diagonalized by F
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Plane wave expansion
Let kg, € > 0 and let u be the solution of

Au+ (k3 +ie)u = 0 inR x R,
u(z,0) =u’(z) zeR

Then u can be expanded in the Form

1 o > 7 ~ N .
m —0oQ

0
U = Sireell

[ldea: A+ k2 =02+ 924Kk 1.
——

diagonalized by F
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Modal expansion for the waveguide
We have to find u such that

Au + (k(x)* 4+ ie)u =0 inR x Ry

k k k
u(z,0) =u’(z) z€R 0 ! 0

where k1, ko, h > 0 are constant. —h h x
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We have to find u such that

Au + (k(x)* 4+ ie)u =0 inR x Ry
u(z,0) =u’(z) z€R

where k1, ko, h > 0 are constant. —h h x

[Idea: A + k(x)? = 92 4+ 9% + k(x)*]
————

diagonalize it!
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Modal expansion for the waveguide
We have to find u such that

Au + (k(x)* 4+ ie)u =0 inR x Ry :
u(z,0) =u’(z) z€R

where k1, ko, h > 0 are constant. —h h x
The solution is given by

+ Z/ VI 00, 6)0(6) ), © € R

ve{s,a}

[Idea: A + k(x)? = 92 4+ 9% + k(x)*]
————

diagonalize it!
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The System of Integral equations

Let U : R?\ Q — C be the solution
with Dirichlet data g.
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The System of Integral equations

Let U : R?2\ Q — C be the solution E

with Dirichlet data g. Define: I
u,er::Uh_‘%, nE{O,...,B} ____I:a____: Fg ___Par___.
9 o
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The System of Integral equations

Let U : R?2\ Q — C be the solution E

with Dirichlet data g. Define: Ff:
wf=Ulps, nefo,...;3} __Tg o T§ o+ T§
FO
Compatibility equations L 0

u'rﬂz::lzl = (Sn(u:'z_ + gn + U;))‘F}L
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The System of Integral equations

Let U : R?\ Q — C be the solution

with Dirichlet data g. Define: rH
wf=Ulps, nefo,...;3} __Tg o T§ o+ T§
PO
Compatibility equations L 0

:t —
Upg1 = (Sn(u:'z_ + gn + Un))|r7ili1

We have to consider the operators

Sn‘l‘fil D HY(Ty) — Hl(rrizil)

Lemma: The compatibility eq. are Fredholm in H(0, 00)® with Ker = {0}.
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Mapping Properties — for the free space

I s

A. Tonnoir, Conditions transparentes pour la diffraction d’ondes en milieu élastique
anisotrope, PhD Thesis, 2015, ENSTA ParisTech
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Mapping Properties — for the free space

» One can show that

Solps - ayrd) — 7i(Ty) T« :
Ty ry ﬁg

iscompact. .0 ___

A. Tonnoir, Conditions transparentes pour la diffraction d’ondes en milieu élastique
anisotrope, PhD Thesis, 2015, ENSTA ParisTech
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Mapping Properties — for the free space

» One can show that

Solps - ayrd) — 7i(Ty) T

is compact. A | B

» The Operator

Solpy + HY(Ig) — HY(I'Y)

can be split
SO’FT =C+B
C'is compact, | B|| < 1.

A. Tonnoir, Conditions transparentes pour la diffraction d’ondes en milieu élastique
anisotrope, PhD Thesis, 2015, ENSTA ParisTech
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Mapping Properties — for the waveguide
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Mapping Properties — for the waveguide

The operator Ffi
(Swaveguide - Sfree) |I‘ I _I:a_ - - '

is compact. 0
Iy

= The mapping properties carry over

to the waveguide case.
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Mapping Properties — for the waveguide

compact
+[-lI<1
The operator I
(Swaveguide - Sfree)|I‘ J: Fa
is compact. 0
Iy
= The mapping properties carry over

to the waveguide case.

compact
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The full System
+

Upt1 — Sm‘l“iil(u;% + u;w) = Sm’riilgn m e {O? te ?3}7 +

::SﬂiI
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The full System

wh i = Smlps | (wh +up) = Splps o me{0,...,3}+
——
=Sk
As a Matrix:
' S;oSEY (v
S S uy
Sy So uf
S, S, Uy
I— 2 2 1 —F
S oS¢ us
Sy S3 Uy
S St u
LSy So J Ug
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The full System

Uy = Smlpz | () = Sulps go m {0, 3} &
~——
::SﬂiI
As a Matrix:
' sfosi
S S uy
Sy So uf
S, S, U,
I— 2 92 L | _p
S SF us
Sy 53 Uy
ST Sy uy
LSy So 1\ ug

compact + (|| - || < 1) compact
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The full System

+

::SﬂiI
Only non compact operators:

Uy g — Sm\riil(u; +u,,) = Sm]F:_;ﬂgn m € {0,...,3},+

Bi 7
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The full System

+

::SﬂiI

Only non compact operators:

Uy g — Sm\riil(u; +u,,) = Sm]F:_;ﬂgn m € {0,...,3},+

Bi 7

By

By

B;

T
BQ

~
Permutation of operators with ||-||<1
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The full System

+

::SﬂiI
Only non compact operators:

Uy g — Sm\riil(u; +u,,) = Sm]F:_;ﬂgn m € {0,...,3},+

Bi 7

By

By

B;

By

T
BQ

~
Permutation of operators with ||-||<1

= B is boundedly invertable.
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The full System

Uy = Smlpz | () = Sulps go m {0, 3} &

::SﬂiI

Can be written as
(B+C)U = F,

where B is boundedly invertable, C is compact.
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The full System

Uy = Smlpz | () = Sulps go m {0, 3} &

::SﬂiI

Can be written as
(B+C)U = F,

where B is boundedly invertable, C is compact.

» Fredholm alternative holds

» Kern(B + C) = {0} (by uniqueness of Helmholtz equation)

= Problem is usable for FE — discretization.
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Further Remarks

» For the full space: Coupling with finite elements!
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Further Remarks

» For the full space: Coupling with finite elements! Stability?
» Other formulations ensuring stability with FEM: — A. Tonnoirs Thesis

» Non-absorptive case (¢ = 0): Functional Framework?
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Coupling with FEM

Given k1 > kg > 0 and some incident
mode Uiy, find U : R? — C such that

AU + E*(z)U =0 inR?
U — U;pne fulfills some rad. cond.

ko

k1

ko
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Coupling with FEM

Given k1 > kg > 0 and some incident
mode Uiy, find U : R? — C such that

AU + E*(z)U =0 inR?
U — U;pne fulfills some rad. cond.

Setting w = Ulgq, u = U\Rg\ﬁ

ag
R

ko

ko
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Coupling with FEM

ko

Given k1 > kg > 0 and some incident |
mode Uj,,., find U : R? — C such that k1 |9
O
AU + E*(z)U =0 inR?
U — U;pne fulfills some rad. cond.

Setting w = Ulg, u = Ulga\g, this can reformulated into

Aw+E(z)w=0 inQ
w—u=0 onodfd
Oyw — Oyt = fine on OS2

Snilh—‘%uh‘nil - U/‘Ff = f’inc on F’V:‘l:
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On Optimization

Use standard toolbox for shape optimization
» Domain derivatives

v

Adjoint state

v

Regularisation via surface metrics

\4

Descent algorithms (Quasi-Newton/CG)

v

Deformation of the mesh via solutions of elasticity equations
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The Last Slide

Methods works, but:

» No framework for the case without absorption
» Slow convergence (on test cases) wrt. truncation of the semi—infinite lines
» Geometrical limitations

\end
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