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Hidden motivation: to be honest

2D case: DN map limited to arbitrary subboundary yields uniqueness
<= Imanuvilov-Uhlmann-Yamamoto (2010)

3D case:no such uniqueness

Applicability of 2D result with DN map on arbitrary subboundary??

2D Maxwell: maybe too simple!?

. Well, let us consider

3D Maxwell in waveguide:

Unigueness by partial DN
map



Technical highlights

e Diagonalization of Maxwell’s equations in
waveguide to two 2D ellitpic equations

e Construction of complex geometric optics
solutions

cf. Imanuvilov-Uhlmann-Yamamoto (2010)



§1. Calder on Problem for Maxwell’'s equations

Q:=Qx (—o0, 00)

Q c R?: simply connected, bounded, smooth

E: electric field, H: magnetic field (3 components)
o(x1, x2): conductivity, u(xs, x;): permeability

e(x1, x): permittivity, y := & + 2,

w # 0, € IR: frequency

rotE — 1a)yH =0,
rot H + za)yE =0 InQ.



In waveguide =
E(xy, x5, x3) = ™3 E(xq, x5),
ﬁ(xl, Xy, x3) = e™3H(xy,x,), h € C,

Example; h = iw.



Rewrite Maxwell's equations

82E3 — hEy
Ll,[l,)/ (E,H) := —81E3 + hEl — ia)y
81E2 — azEl

and

821‘13 — hH»
LZ:[JIV (x, D)(E,H) := —81H3 + hHl + iwy
d1Hp — dp Hy

L= L1,y Lo,u,y):
v = (v1, vo): outward unit normal to 0,
1-} = (V]_I VZI 0)

T c 9Q: arbitrary subboundary

Hj

Eq
E,
E3



DN map:
A,,f =¥ x HonT, where

L,,(E H) =0,
P X E=f, suppfcT.



Technical remark.
e Solution (E, H) does not necessarily exist to the
BVP!
D,, :={f € H\(); A(E, H)}
® Ay =Ny, ,, 1sdefined if
() Dyys € Dy, ~
(i) Ly, ,(ELH) =0, VX E=f,supp f Cc T =
A(E, H) such that L, ,,,(E, H) = 0,
PxE=f,
PxH=7xHonT.



Theorem (unigueness by local DN map)
Let h? + w?yu; £ 0(Q), j = 1,2,
ui>0,e > 0,0, € C3(Q).

Then

Ay = Dy ~
aﬁ(yl — HZ) — 85()/1 — YZ) — 0/ k = 011 (r)

= U1 = U, & = &, 01 = 02 IN Q

e local DN map on arbitrary subboundary proves uniqueness for Maxwell’s equations in
waveguide



References on 3D Maxwell DN map with T = 9Q
e Caro-Ola-Salo 2009
e Ola-Paivarinta-Somersalo 1993



§2. 2D and 3D Calder on problems with local
data

A+qu=0 InQ,
ulpo = f

I, T c 9Q: subboundaries

Arr:if € H%(BQ)Isuppf cl} — g_ﬂf

—~~

o ' =T =0Q
Sylvester-Uhlmann: 1987 (2D),
Nachman: 1996 (3D)



References (incomplete) forn = 2
e ForT =T,
Arr uniquely determines
—ge C2+a(Q))
(Imanuvilov-Uhlmann-Yamamoto:2010)
— qEW;(Q),p>2

geC*Q), ae0DIfr=T=09Q
(Imanuvilov-Yamamoto:2012)



— g€ L?(Q),p>2
ifI =T = 0Q (Imanuvilov-Yamamoto:2013)
e I'NT = @: Imanuvilov-Uhlmann-Yamamoto
(2011)
e partial Neumann-to-Dirichlet map on arbitrary
subboundary: Imanuvilov-Uhlmann-Yamamoto
(2015)



Other equations with T =0Q

Navier-Stokes or Stokes equations

e 2D Case: Imanuvilov and Yamamoto (2015)

e 3D Case: LiI-Wang (2007), Heck-Wang-Li (2007)
Global unigueness for Lamé system

e 2D case: Imanuvilov and Yamamoto (2015)

e 3D case: unsolved



nz3

e V. Isakov (2006): T, T c plane or sphere

e C. Kenig - J. Sjostrand - G. Uhlmann (2007):
I c 9Q: arbitrary, T 22 0Q \ T



¢ Imanuvilov-Yamamoto (2013):
3D cylindrical domain = D x (0, £):
I' = y x (0, ¢) with arbitrary y € dD: global
uniqueness by Aja\rao\r

e Kenig-Salo (2013); on Riemannian manifold

¢ Imanuvilov-Yamamoto (2013): Uniqueness with
some pairs of [, T with Int ()N Int (T) = @
Example 1: T = {x € 0Q| 7 - v < 0} and
T = {[x € 9Q| T - v > 0} with outward normal v
and fixed unit vector @



Example 2: T = {x € 0Q| (x — xy) - v < 0} and
T = {x € Q| (x — xp) - v > 0} with outward normal
v and fixed point x,



In 3D case, we need some geometric condition for
I, T



Uniqueness for 3D Maxwell’s equations In
Q:=Qx(0,L)
(Imanuvilov-Yamamoto 2014)

Iy € 9Q: arbitrary
A,y f=7xHondQ\ (I x (0,L)) for

L,,(E,H) =0 inQ,
VXE=Ff, suppfcdQ\ @oxI(0,L)



Theorem (Imanuvilov-Yamamoto 2014):
Let Ui > 0, & > 0, O; € C7(Q), ] = 1,2. Then

Am,yl — Ayz,yzr
(U1 — ) = (y1 —y2) =0
k=0,1 ondQ\ Iy x (0,L))

= U1 = U2, &1 = &, 01 = 07
In (convex hull of T'y) %(0, L).



Our strategy

3D Maxwell in waveguide ~ 2D Maxwell
—

We can expect unigueness with arbitrary I' = I?

Similar to Imanuvilov-Yamamoto



§3. Proof for h = 0: simple case

e Perfect

decoupling into two scalar elliptic

eguations

e DN ma
DN ma
ND ma

0 for Maxwell’'s equations =
0 for the first scalar equation

0 for the second scalar equation



Maxwell’s equations for h = 0

drE3 H;
Ll,[J,)/(E’ H) := —31E3 —iwy Hy =0,
alEZ — 82151 H3
dpH3 Eq |
LZIH:Y (E,H) := —31H3 + iwy E» =0, InQ.
d1Hp — drHq E;

Here Q c R?, E = (Eq,Ep), H = (Hqy, Hp),



Dirichlet-to-Neumann map
A, f=PxHonT
where
L,,(x,D)E,H) =0 InQ,

VX Elyo\F =0,
v X Elz = f.



Theorem O.
Letu; > 0,&; >0,0; € C(Q), j=1,2.
Then

Apiyr = Npsyas .
Bﬁ(yl —_ [,lz) — 81’j()/1 — )/2) — 0, k = 0,1 onT

:[J1=H2,£1=€2,Gl=ﬁzinﬂ.



Sketch of Proof

First Step: Decoupling.

alez — (9x2H1 — —i(d)/Eg, —

. 1
P,,E; := div (
iwy
Similarly
. 1
QFIYH?’ = div (_VH3
iwy

—VE3) —iwyE; =0

)—ia)yH3=O in Q



Second Step
A, yields DN map and ND map:
e DN map: Ay, f = dyulf where

e ND map: Ay, f = vlf where

Qm,v =0,
aVvlf — fl

avvlag\’f =



¢ Imanuvilov-Uhlmann-Yamamoto (2010) =

w*yu + 2VE. uniguely determined by DN map

T
e Imanuvilov-Uhlmann-Yamamoto

(Advances Math.: 2015) =

w*yu + A—‘/‘/;: uniquely determined by ND map



A A
WPy + T8 = @yapn + O,
2 AvVyr _ 2 A+y2
w)/lyl'l' o —C())/zyz+ 7

U := (\Viin — V2, V71— V72 = JA € L= (Q)?,

AB € L* s.t.
AU+A-VU+BU =01nQ
and U = o,U = 0onT.

Unique continuation yields U = 0 in Q.



84. Sketch of Proof for h # 0

Maxwell’'s equations in waveguide

82E3 - hEz Hl
—81E3 + hEl — 1(()[1 Hz — 0,

81E2 - 82E1 H3

82H3 - th El
—81H3 + I’lHl + za)y E, =0, In Q.

81H2 - 82H1 E3



2
div ((L — f )VE3)
lwp  iw’gyp?

—(V( f ) . V*H:;) - l(l))/Eg, — O, etc.
w?yug

Here V?H; := (821‘13, —81H3), g = 1+ a)gj/y'




AW + 2A0; W + 2B82W + QW =0,
BWlaQ\*l:: = 0.

Here wy wp

W := (Er, Hy), BW := (Ey, dyH>3), = , =

373 3 VHS P vy P2 T 02ty
_ _h
w?pyg
A = az In pg Pl a2103 ’

—iwy
_ az Inpy 7 9zp3 _| 7m0
i 9z 1 - © —iwp
pz Zp3 Z nPZ

|



Maxwell DN map yields
DN map:

A, f = (,Es, Hs)

where

AW + 2A0, W + 2BJ-W + QW =0,
BWl5 = f,



Third Step:

Similarly to Imanuvilov and Yamamoto
("Inverse Problems” 2012) for

weakly coupling ellitpic systems:

Construction of complex geometric optics solutions
by Carleman estimates =
H1=H2,€1=€2,0'1=0'2inﬂ



Supplementary newest reference
Imanuvilov and Yamamoto (12 May 2016)
u:= (uy,..,un), A, B, Q: N X N matrices

Au + 2A0,u+2Bo:u+ Qu =0 inQ C R?
DN map: Aapof = d,ulz where

{ Au + 2A0.u + 2Bosu + Qu = 0,

”'ag\f =0, ulf=/f.



Theorem (gauge uniqueness)

LetA;,B; € cota(Q), Q; € cdta(Q), j = 1,2, the elliptic operators and the adjoints have
not the zero eigenvalue.

Then AAq,B1,01 = MAy,By,05 if and only if
A1 =Ay, B{=Bp onT,
and 3 invertible matrix R € C6+%(Q) such that
R|~l-; =1, 81-}R|~1: =0,
Ay =2R710_R+R7141R, By =2R719:R+R7IBR

=R 10R+R1AR+2R™14:0,R +2R™ 1B 9:R inQ
2 1 1 19z

P~

Ref: Eskin 2001: dimensions > 3, I = 9Q



Thank you very much!





