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Plan of the talk

@ A general scheme.
@ Zeros of holomorphic functions from different classes.

© Applications to Schrodinger operators on waveguides.

@ Some open problems.
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Few references

Some recent results on properties of discrete spectrum of a complex
perturbation of a “model” self-adjoint operator :

@ 2001 — A. Abramov, A. Aslanyan, E.B. Davies,
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A general scheme

Let Ay : H — H be an operator on a Hilbert space, and K : H — H be
an operator lying in Sp, 1 < p < oo. Recall that

Sp=1{K € Su: |IKllp = [IKII5, = > _ k(AP < oo},
k

where si(K) = M\ (K*K)1/2,
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A general scheme

Let Ay : H — H be an operator on a Hilbert space, and K : H — H be
an operator lying in Sp, 1 < p < oo. Recall that

Sp={K € Su : [IKllp = IKI§, = > sk(A)P < oo},
k
where si(K) = M\ (K*K)1/2,

Problem
What can one say about o4(A) and its distributional characteristics ? J
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A general scheme

One needs to look at the so-called regularised determinant. For
K € Sp and p € N*, define

G
det(/+ K) = [T(1 +Ae) exp (Z T/\lk) )

K j=1

where Ay = A\ (K).
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A general scheme

One needs to look at the so-called regularised determinant. For
K € Sp and p € N*, define

G
detp(/+ K) = H(1 + Ak) exp (Z - /\lk) ;

k j=1 J
where Ay = A\ (K).
Furthermore, consider the regularised perturbation determinant, i.e.,

G(\) = detp(A— A)(Ag — M)~ =det (I + K(Ag — M)7T).
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A general scheme

The properties of G(.) :
@ G € Hol(o(Ap)), where o(Ag) = C\o(Ag),
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o G € Hol(o(A)), where o(Ag) = C\o(Ao),
@ Z(G), the zero set of G, coincides with o4(A) up to mutiplicities,
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A general scheme

The properties of G(.) :

o G € Hol(o(A)), where o(Ag) = C\o(Ao),
@ Z(G), the zero set of G, coincides with o4(A) up to mutiplicities,
@ there is a special bound of G on p(Ap), i.e.,

log |G| < TpllK(Ao = A)7'[I§, < TllKIIE,[1(Ao — A)~1|IP

IKII2,
P a0 o (Ao))P

with \ € o(Ao).
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A general scheme

Now, let o : D = {z:|z| < 1} — o(Ap) and ¢ : p(Ap) — D be the
conformal maps of the corresponding domains, v = ¢~ '. Make a
“change of variables” A = ¢(z), z € D.
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A general scheme

Now, let o : D = {z:|z| < 1} — o(Ap) and ¢ : p(Ap) — D be the
conformal maps of the corresponding domains, ¢ = ¢~ '. Make a
“change of variables” A = ¢(z), z € D.

One comes to g(z) = G(y(2)) € Hol(D) such that

K d(zE)

>

and E,FCT, T={z:|z| =1}, #E,#F <occand EN F = (). Of
course,
d(z,E)=inf|z—t,
teE

so, for instance, d(z,T) = (1 — |z|), z € D.
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Zeros of holomorphic functions from different classes

e “Classical” Blaschke conditions.
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Zeros of holomorphic functions from different classes
e “Classical” Blaschke conditions.
elet FC T, #F < .

Theorem (Borichev-Golinskii-K’ 2009)
Letf € Hol(D), |f(0)| = 1, satisfy the growth condition

K
(1 —1zl)pd9(z, F)

log |f(2)[ <

forz € D and p,q > 0. Then for each = > 0 there is a positive constant
Cy = Cy(p. q, F; T) such that

> (1= [¢hPrtTalaT I (¢ F) < € - K.
¢eZ(f)
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Zeros of holomorphic functions from different classes

Let E,F C T,#E,#F <oo and ENF = 0.
Theorem (Borichev-Golinskii-K’ 2015)
Let f € Hol(D), |f(0)| = 1, satisfy the growth condition

K  d'(z,E)

|og‘f(2)| < (1 _ |z‘)P dQ(Z, F)a

where z € D and p,q,r > 0. Then for each T > 0, there is a positive
constant C, = Co(p, q, r, E, F; T) such that

T (1= jgyprier G F)
Z e (C, E)

<G -K.
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Zeros of holomorphic functions from different classes

What happens when for any (measurable) F C T ?
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Zeros of holomorphic functions from different classes

What happens when for any (measurable) F c T ?
For this F, let 5(F) be its Minkowski type, i.e.,

B(F) = sup{B: m(Fs) = O(s”), s— 0+},

and Fs = {teT:d(t,F) < s}.
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Zeros of holomorphic functions from different classes

Let E, F C T, #E < oo, F be of Minkowski dimension 3(F). Let
FNnE=09.

S. Kupin (U. Bordeaux) Lieb-Thirring inequalities, Waveguides Porquerolles, 17-20/05/2016 11/25



Zeros of holomorphic functions from different classes
Let E, F C T, #E < oo, F be of Minkowski dimension 3(F). Let
FNE=0.

Theorem (Borichev-Golinskii-K’ 2015)

Let f € Hol(D), |f(0)| = 1, satisfy the growth condition

K  d'(z,E)

|og‘f(2)‘ < (1 _ |Z’)P dQ(Z, F)7

where z ¢ D and p, q,r > 0. Then for each T > 0, there is a positive
constant C3 = Cs(p, q, r, E, F; T) such that

d(@=AF)+7)+ (¢, F)
dmn(c, E)

Y (=g

¢eZ(f)

<Csz-K.
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Zeros of holomorphic functions from different classes

The above result is mainly based on Favorov-Golinskii [2010].
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Zeros of holomorphic functions from different classes

The above result is mainly based on Favorov-Golinskii [2010].

Problem : what happens when FN E # ()?

One will need to apply above theorems for special domains
((CJ,_, (C\RJ,_, etC.).
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Zeros of holomorphic functions from different classes
Let X = {X, }k=1.. ~ C Rand 5(X’) is the Minkowski dimension of the
pre-image of X" on T.

Theorem (BBGK)

Letg € Hol(C,), |g(i)| = 1 such that

Klw|°(1 + |w])°
Im w)ad(w, X")d’

log [g(w)| S( a,b,d>0,ceR.

Then for every T > 0 there exists a constant C4 such that

a+1+7 g(d—B(X")+7) N w!|(©ar
> (Im w) d ) (w, XD _ o g
(14 [w])k

weZ(9)
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Zeros of holomorphic functions from different classes

Above,
(C)ar = (c- —1+7); —min(cy, a),

I=2a+2d-b—-c=1 -1,

and

Li=2(@a+1+7)+2(d - B(X)+7)+ + (L =1+7)+ +(Car
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Zeros of holomorphic functions from different classes

A similar result holds for © = C\R, . Indeed, let

Y' = {Vitk=1...00 C Ry and p(Y’) is the Minkowski dimension of the
pre-image of Y’ on T.

Theorem (BBGK)

Let h € Hol(©), |h(—1)| = 1 such that

KlvI"(1 +|v])’2

< > :
Iog’h(v)"da(v,R+)d(v,Y’)d’ ab,d>0,reR

Then for every T > 0 there exists a constant Cs such that

at+1+r (d=B(Y")+T) /
d (V7R+)d Jr(Va)/) < C5K
V(1 + W)

weZ(h)
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Zeros of holomorphic functions from different classes

Above,
(€)ar=(c-—1+4+71); —min(cy,a), c=2r—a-d,
|I=83a+3d-b-2r=1, — 1|,
Lo=(a+1+7)+(d=B(Y)+7)+ —(Car,
and

Ly=2(a+1+7)+2(d—B(Y)+7)s +(Car — (I —14+17);.
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Applications : Schrodinger operators on waveguides

e Briet-Kovarik-Raikov [2008], Briet-Kovarik-Raikov-Soccorsi [2013].
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Applications : Schrodinger operators on waveguides
¢ Briet-Kovarik-Raikov [2008], Briet-Kovarik-Raikov-Soccorsi [2013].

Let x = (x,x’) € R and x; € Qo, a bounded region in RY. For the
moment, Q = Qg x R, a cylindrical domain (i.e., a simplest model for a
waveguide).

S. Kupin (U. Bordeaux) Lieb-Thirring inequalities, Waveguides Porquerolles, 17-20/05/2016 17/25



Applications : Schrodinger operators on waveguides

e Briet-Kovarik-Raikov [2008], Briet-Kovarik-Raikov-Soccorsi [2013].
Let x = (x,x’) € R and x; € Qo, a bounded region in RY. For the
moment, Q = Qg x R, a cylindrical domain (i.e., a simplest model for a
waveguide).

Consider

Ho, f=(—A))f, m‘\aQO =0, fel?(Q).

The latter relation is a boundary condition (Dirichlet, von Neumann) for
the operator.
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Applications : Schrodinger operators on waveguides

e Briet-Kovarik-Raikov [2008], Briet-Kovarik-Raikov-Soccorsi [2013].
Let x = (x,x’) € R and x; € Qo, a bounded region in RY. For the
moment, Q = Qg x R, a cylindrical domain (i.e., a simplest model for a
waveguide).

Consider

Ho, f=(—A))f, m‘\aQO =0, fel?(Q).

The latter relation is a boundary condition (Dirichlet, von Neumann) for
the operator.

It is well known that A := o(Ho 1) = {\j}j=0,... .00, Aj /" +00, counted
with multiplicities m;, and

S. Kupin (U. Bordeaux) Lieb-Thirring inequalities, Waveguides Porquerolles, 17-20/05/2016 17/25



Applications : Schrodinger operators on waveguides

e Briet-Kovarik-Raikov [2008], Briet-Kovarik-Raikov-Soccorsi [2013].
Let x = (x,x’) € R and x; € Qo, a bounded region in RY. For the
moment, Q = Qg x R, a cylindrical domain (i.e., a simplest model for a
waveguide).

Consider

Ho, f=(—A))f, m‘\aQO =0, fel?(Q).

The latter relation is a boundary condition (Dirichlet, von Neumann) for
the operator.

It is well known that A := o(Ho 1) = {\j}j=0,... .00, Aj /" +00, counted
with multiplicities m;, and

o PITSNSP
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Applications : Schrodinger operators on waveguides

e Briet-Kovarik-Raikov [2008], Briet-Kovarik-Raikov-Soccorsi [2013].
Let x = (x,x’) € R and x; € Qo, a bounded region in RY. For the
moment, Q = Qg x R, a cylindrical domain (i.e., a simplest model for a
waveguide).

Consider

Ho, f=(—A))f, m‘\aQO =0, fel?(Q).

The latter relation is a boundary condition (Dirichlet, von Neumann) for
the operator.

It is well known that A := o(Ho 1) = {\j}j=0,... .00, Aj /" +00, counted
with multiplicities m;, and

o PlASNSA 1<mgje.
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Applications : Schrodinger operators on waveguides

We suppose that \; < j*, a > 0,and m; < j#, 8 > 0.
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Applications : Schrodinger operators on waveguides

We suppose that \; < j*, a >0, and m; < j°, 3> 0.

Guess : similar bounds are true when \; ~ j<.

S. Kupin (U. Bordeaux) Lieb-Thirring inequalities, Waveguides Porquerolles, 17-20/05/2016 18/25



Applications : Schrodinger operators on waveguides

We suppose that \; < j*, a >0, and m; < j°, 3> 0.

Guess : similar bounds are true when \; ~ j<.

Problem : give examples of regions 2 providing prescribed behavior
for {\j}, {m;}.
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Applications : Schrodinger operators on waveguides

We suppose that \; < j*, o > 0, and m; <j? p>0.

Guess : similar bounds are true when \; ~ j<.

Problem : give examples of regions 2 providing prescribed behavior
for {\j}, {m;}.

Furthemore, extend the boundary condition I' from 0Q to
02, Q2 = Qo x R in x’-invariant way ; this boundary condition is also
denoted I'. Consider

2
Hof(x.. ) = (~8)fx ) = (~8.) & (= £ ) fxu.0),

and I'f|,, = 0, where f € L?(Q).
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Applications : Schrodinger operators on waveguides

Of course, one has
d2
—A) =) NPL® <_W) :
J
or

o2 -
(Ho — Z PJ-/ ( dx’2 )‘f - )‘) , A& o(Ho),

where {P,;} are spectral projectors of (—A ).
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Applications : Schrodinger operators on waveguides

Of course, one has
d2
—A) =) NPL® <_W) :
J
or

o2 -
(Ho — Z PJ-/ ( dx’2 )‘f - )‘) , A& o(Ho),

where {P,;} are spectral projectors of (—A ).

By the way, o(Hp) = R, +, where Ry, + = [Ag, +00).
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Applications : Schrodinger operators on waveguides

Then, have a look at
Hf = (Ho + V)f,  fel?Q),

and |V(x., x')| < R(x1)S(x') with R € L®(Q) and S € LP(R),
R,S > 0.
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Applications : Schrodinger operators on waveguides

The point is to apply the above theorems on zero distribution of
holomorphic functions to

G(\) = detp(/+ V(Ho—A)™"), A€©=C\Ry, ;.
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Applications : Schrodinger operators on waveguides

The point is to apply the above theorems on zero distribution of
holomorphic functions to

G(\) =detp(I+ V(Hy—\)"), A€©=C\Ry,..

Proposition

Under above hypotheses, let p > % 4k % Then

— m'
IV(Ho = )7'1I5, < Gall RIS | > |A_A.‘1/2dp/—1(x Ry.+) |
; y BLOVEE
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Applications : Schrodinger operators on waveguides

Proposition
For a > 0, one has

(1 + |A|)(BH1)/e
d(A, A)1/2dP=T (A Ry, 1)

IV(Ho — )15, < Ca A€o,
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Applications : Schrodinger operators on waveguides

For A = {\j}j=1,.. 00, J = J* 0One has f(A) = a/(a + 2).

.....
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Applications : Schrodinger operators on waveguides

For A = {\j}j=1,.. 00, J = J* 0One has f(A) = a/(a + 2).

.....

Theorem (BGGK)
Under above hypotheses and p > max(“t + 1.2) , one has for every
7>0

dPHT(v, Ry, +) d3((2-a)/(@+a)+2r)i (y )

< Co K.
vIER2(1 + [w))k/2 =0

2.

VEO’d(Ho)

Above, Lp = 3 + 3(552 + 7)4, and
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Some open problems

@ The case of Robin boundary conditions on 9Qq (or on 99),
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Some open problems

@ The case of Robin boundary conditions on 9Qq (or on 99),

@ The case of a twisted waveguide ; even the model of a constant
twist is interesting,
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Some open problems

@ The case of Robin boundary conditions on 9Qq (or on 99),

@ The case of a twisted waveguide ; even the model of a constant
twist is interesting,

@ More general kinds of waveguides (bent waveguides, bent and
twisted waveguides, etc.).

S. Kupin (U. Bordeaux) Lieb-Thirring inequalities, Waveguides Porquerolles, 17-20/05/2016 24/25



Some open problems

@ The case of Robin boundary conditions on 9Qq (or on 99),

@ The case of a twisted waveguide ; even the model of a constant
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Thank you'!
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