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The Calderdn problem

On an inverse boundary value
problem,

Seminar on Numerical Analysis
and its Applications to
Continuum Physics, Rio de
Janeiro,

Editors W.H. Meyer and M.A.
Raupp,

Sociedade Brasileira de
Matematica (1980), 65-73.

http://en.wikipedia.org/wiki/Alberto_Calderén

In a foundational paper of 1980, A. Calderdn asked the following
question:

Is it possible to determine the electrical conductivity of a body by
making current and voltage measurements at the boundary?
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Riemannian rigidity
In fact, one can state the inverse problem with a geometric flavour.

Let (M, g) be a compact Riemannian manifold with boundary OM
of dimension n > 3 and ¢ a bounded measurable function.
Consider the Dirichlet problem

(—Ag+qu=0
ulon = f € H2 (M)

and define the associated Dirichlet-to-Neumann map under the
assumption that 0 is not a Dirichlet eigenvalue of —A, + ¢

Agqu = Oyulom

where v is a unit normal to the boundary.
If ¢ =0, we use A; = Ay as a short notation.
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Riemannian rigidity

The inverse problem is whether the DN map determines the metric
g.

There is a gauge invariance, that is by isometries which leave the
boundary points unchanged:

A«p*g = Aga vlom = Ldgns

Inverse problem: Does the Dirichlet-to-Neumann map A,
determine the potential ¢ and the metric ¢ modulo such isometries?

If n > 3 and ¢ = 0 this is a generalization of the anisotropic

conductivity problem and one passes from one to the other by
2
2

VR = \/det g g, ¢"F = (dety) 2 g’k



The Calderén problem The DN map in waveguides Wick rotation Calderén and X-ray

Conformal metrics

There is a conformal gauge transformation

n+2 n—2

n—2
Agu=cH(Dg+a)(cTu), g=ct AglcT)
which translates at the boundary into

n+2 n—2 n — 2

Acgaf = ¢ 7 Aggig(c T u) + C_%aucf'

So if one knows ¢, J,¢ at the boundary (boundary determination)
then one can deduce one DN map from the other.

A more reasonable inverse problem: Ay = Ay = c=1.
Note that there is no isometry gauge invariance in this case.
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1987
1989

2001

2007

2009

2009

2011

Some references n > 3

Sylvester-Uhlmann: isotropic case

Lee-Uhlmann: boundary determination, analytic metrics, no
potential, determination of the metric
Lassas-Uhlmann: improvement on topological assumptions

Kenig-Sjostrand-Uhlmann: small subsets of the boundary,
n > 3, global Carleman estimates with logarithmic weights,
introduction of limiting Carleman weights.

Guillarmou-Sa Baretto: Einstein manifolds, no potential,
determination of the metric, unique continuation argument
DSF-Kenig-Salo-Uhlmann: fixed admissible geometries,
determination of a smooth potential, CGOs

DSF-Kenig-Salo: fixed admissible geometries, determination
of an unbounded potential, CGOs
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Remarks

1. Analytic metrics case fairly well understood. The smooth case
remains a challenging problem.

2. There are limitations in the method using CGO construction:
the existence of limiting Carleman weights

3. ldentifiability of the metric within a conformal class

Ag=ANy=c=1.

4. With boundary determination
Acg = Ag = C’aM = 1, 81,6’31\4 =0.

it is enough to solve the inverse problem on the Schrodinger
equation with a fixed metric

Agy = Nggp = @1 = 2.
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Transversally anisotropic geometries

Geometrical setting : consider a cylinder T'= R x My where
(Mo, go) is a compact Riemannian manifold with boundary.

Endow T with the following Riemannian metric
g=dt* +go

t will always denote the Euclidean variable. and x the variables in
My.
Consider the following Schrodinger operator

—Ag+q=—0 — Dy +4

where ¢ € L*°(T) is real valued. Note that the transversal metric
go does not depend on t.
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Time independent potentials

We are interested in two different situations :

1. we restrict the setting to a compact Riemannian manifold
with boundary M which embeds (conformally) in 7', and
consider the inverse problem of recovering the potential from
the Dirichlet-to-Neumann map.

2. we consider the non-compact case and suppose that the
potential ¢ does not depend on t.
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Wave guides

e Situation 1 corresponds to trying to solve the anisotropic
Calderén problem in a conformal class. The conformal
transversally anisotropic geometry is justified by the
requirement of having limiting Carleman weights, and the
ability to construct complex geometrical optics solutions with
antagonising exponential behaviours to the Schrodinger
equation.

e Situation 2 corresponds to the structure of wave guides. The
independence of both the transversal metric gg and the
potential ¢ with respect to ¢ will allow to fully recover the
metric (up to isometries) and the potential.

In this talk, | will mainly be concerned with the second situation.
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Outline

The Dirichlet-to-Neumann map in waveguides
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Spectral description

Geometrical setting : T'= R x My, g = dt? + go, Ay = 07 + Ay,
potential ¢qp : My — R independent on t.

Denote by A\; < Ag < --- the Dirichlet eigenvalues of —Ay, + qo
on My and consider

={f €L (T): ()°f € L*(T)}

u(t,l) denotes the Fourier coefficient of w.

o —A, + qo with domain H}(T) N H?(T) is self-adjoint on
L*(T)

e the spectrum of —A, + qo is [A1, 00)

o if A€ C\ [A\,00) then for any § € R,
(=Ag+qo— A1 LET) = {u e HZ(T) : ulopr = 0}

o if A € [A,00) but A 75 A, then for any 6 > 1/2,
(=Ag+qo—A—i0)"1: LXT) — {u € H2,(T) : ulor =0}
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The DN map at A € C\ [\, )

If A€ C\ [\, 00), then for any f € H?2(OT) there is a unique
solution u € H?(T) of the equation

(~A+aq—Nu=0inT,  ulor=1.
If f e C(OT) then uw € C*°(T') and there is a linear map

AEUL (\) . C(0T) — C>(T),

90,90
f — 6l/u|8T-

For any § € R, this map extends as a bounded linear map

ABE (N - HY?(0T) — HY?(9T).
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Obstruction to uniqueness when \ € [\, 00), A # )\

Choose lp > 1 so that \;; < A < A 41. Note that
lo
Z cliei“/’\_’\ltgol(x)
=1
(recall that (¢;) are Dirichlet eigenfunctions) is a solution to
(—Ag+q)u=0, ulpr=0

and belongs to L3(9T) with § > 1/2. One has to impose
conditions to guarantee uniqueness and have a well-behaved DN
map.
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The DN map at A € [A\1,00), A # )\
Choose Iy > 1 so that \j, < A < A\jj4+q. Let 6 > 1/2, and let
m > 2, for any Hg”_l/z(ﬁT), the equation

(=A+g—Nu=0inT,  ulgr=f

has a unique solution u € H™s(T') satisfying the outgoing radiation
condition

(Or Fin/A—AN)u(t,l) =0 ast— foo forall 1 <1 <lp.
If f e C(0T), then u € C°(T) and there is a linear map
AL (X)) : C2(0T) — C>(T), f+ dyular.

For any ¢ > 1/2, this map extends as a bounded linear map

ABU (X : H' V2 (0T) — B2 (0T).

90,90



The DN map in waveguides

Main results

Theorem

Let (Mo, go) and (My, go) be two compact manifolds with
boundary OMy, and let qo, Gy € C°(My). If

Ag)lvlqo()\) = Ag)lvlqo()\) for some A € C \ ([A1,00) U [\, 00)),
then go = 1390 for some diffeomorphism 1y : My — My with
Yolans, = Id, and also Go = qo.

Theorem
Given the data (0T, AL (X)) for a fixed

90,90
A€ [A1,00) \ {A1, g, ...}, where 9T = R x OMy and

Aff;ffqo()\) : C°(0T) — C°(0T) corresponds to the Schrédinger
operator —A + qo on T', one can reconstruct the potential qy and a

Riemannian manifold (MO, go) isometric to (Mo, go)-
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The Gel'fand inverse problem

Consider the wave equation

(07 — Agy +qo)u=0 in (0,T) x My,
u(0) = du(0) = 0,
ulo,ryxomy = f-

This problem has a unique solution v € C*°((0,T") x M) for any
feCx((0,T) x IMp), and we can define the hyperbolic DN map

AHw 022 ((0,T) x dMo) — C((0,T) x dMy),
f = 0vulo1)xan,-

The inverse problem is to determine the metric gg up to isometry

and the potential ¢y from the knowledge of the DN map Ag)%.
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The boundary control method by Belishev and Kurylev

The Gel'fand problem has a positive answer under the condition
that 7" > 27 (Mj) where r(Mp) is the time needed to fill in the
manifold by waves from the boundary. This follows from the
boundary control method introduced by Belishev. The boundary
control method is based on three components:

1. Integration by parts (Blagovestchenskii identity): recover inner
products of solutions at a fixed time from the hyperbolic DN
map.

2. Approximate controllability based on an unique continuation
theorem of Tataru: solutions u(tg, - ) are L? dense in the
appropriate domain of influence.

3. Recovering the coefficients: this uses a boundary distance
representation of (My, go) together with projectors to domains
of influence and special solutions such as Gaussian beams.
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“Time independent” inverse problems

It was proved by Katchalov, Kurylev, Lassas and Mandache that

knowing the transversal DN maps {AZ;’:qO (1) }uec

Ag;)r,qo()\) : v’8M0 = 3VU‘BM0, (_Ago +q0 — A)U =0in Mo.

is equivalent to knowing the DN map for the following equations:
o Wave equation (87 — Ay, + qo)u = 0 in (0,00) x My,
e Heat equation (0; — Ay, + go)u = 0 in (0,00) x My,
e Schroddinger equation (i0; — Agy + go)u = 0 in (0, 00) X M.

Our results show that the elliptic equation (—97 — Ay, + go)u =0
in R x My can be added to this list.
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Some references

1987 Belishev boundary control method

1992 Belishev and Kurylev, determination of the metric from the
hyperbolic DN map

1995 Tataru, unique continuation for the wave equation with time
independent coefficcients

2001 Katchalov, Kurylev and Lassas, book Inverse boundary
spectral probles

2004 Katchalov, Kurylev, Lassas and Mandache, Time independent
inverse problems
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Summary of the argument

The argument proceeds roughly as follows:
1. Extend AE" ()) to act on weighted Sobolev spaces on OT.

90,90
2. If k>0, obtain AI" (X —k?) for any h € C®°(0Mp) via

90,90

ATT‘ ()\ . k2)h _ efik:tAEll ()\)(ezkth)

90,90 90,90

3. Recover Al" (p) for € C from {AI" (N —k?)}pso by

meromorphic continuation.

4. Recover AP from {A7 (1)} pec by Laplace transform in
time.

5. Use the boundary control method to determine (M, go) up to
: Hyp
isometry and go from Agy7g, -
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From the elliptic to the hyperbolic DN
Case A ¢ [A1,00)
If k € R then for all h € H3?(0Mjy)

AT'r ()\ o l{iz)h _ efiktAEll (A)(leth’dT)

90,90 90,90
This implies that the right is independent of the ¢ variable.

Since A — k2 is not a Dirichlet eigenvalue of —Ay, + qo, one can
find vy, € H?(My) solving

(—A +qo0 — (/\ — k2))vh =0 in My, Uh’BMo = h.
and define f(t,z) = e**h(x).

Since k is real, we have f € Hg/Q(OT) for any § < —1/2, and the
function u(t, z) = e™*vy,(x) is in HZ(T) and solves

Thus
ABL (N = dyulor = e* (Dyvnlons,) = e* AL (X — E2)h.

90,490
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From the elliptic to the hyperbolic DN
Case \ € [)\1,00), A 75 Al
Recall that when A € C\ [A1, 00), the main point was

eFAMO (N — k) h = AT (N h|or), h e HY*(OM,).

90,90 90,90

This identity does not directly generalize to the case where X is in
the continuous spectrum, because the boundary value e”“h]aT on

the right hand side is not in H{?/Z(@T) for § > 1/2.

However, by using suitable cutoff and averaging arguments we can

still recover the transversal DN maps from Ag0 a0 (A)-
(2 T ]' 1
eMAG g (A = k) = lim 1 ), Agffqo(A)(e MW g (t)hlor) AR

where ¥ € C°(R) is a suitable cutoff function.
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From the elliptic to the hyperbolic DN
Case A € [A\1,00), A # )\
Take k € R such that A — k2 # )\, then

i T 1 f i
N gy (A = k)b = lim —— / AZIL (O (*W g (t)h|or) R

Prove the identity on the low and high frequency projections
hi 4+ hs = h.

Low frequency part of the solution:

lo

wi ) = 3 (A Ao—l/?( | dt/) ()

=1

Tire (1, 1) = W s (1) /6 )0l dS0)

lo
1 o0
dyuy pr(t, ) = R § :(A — Al)‘1/2</
=1 -

o

=t VIR 1) dt’) Du(a)
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From the elliptic to the hyperbolic DN

Case \ € [)\1,00), A 75 Al
Replacing W by 1/_gs g1, the t' integral can be computed
explicitly :

/R il |WAR ikt gyt 2i(\ — X))/ okt
o P -

Ql(kHVA=N)R =it/ A=, q—i(k—v/A=N) R +it/A=X
ik+va—x) ilk—vA=N)

The last two terms oscillate with respect to R’; we can remove
these oscillating terms by averaging:

_l’_

R
lim / IFEVA=MR gpt — ().
R~>oo R - ]. 1

since k£ VA — X\ #0.
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From the elliptic to the hyperbolic DN

Case A € [A\1,00), A # N\
This shows that for any fixed (¢, z) € 9T, we have

lim / Oyuy rr(t,x) dR’

= ““ZA = k2( /8 o () vn(y )dS(y)>8y901(90)

ikt AT 2
e tAQoﬁQo ()‘ —k )h

if hy is the low frequency component of h.
This proves the averaging formula.
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Outline
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The geodesic ray transform
The unit sphere bundle :

SMo= | Sey  Se={(2,8) € TuMy; |¢]y = 1}.
€My
Boundary: 9(SMy) = {(x,&) € SMy; x € OMp} union of inward

and outward pointing vectors:

8:I:(S]MO) = {(.CC,{) € SMy; i(‘fa”) < 0}-

Denote by t — ~(t,x, &) the unit speed geodesic starting at x in
direction &, and let 7(z, &) be the time when this geodesic exits
My.

Geodesic ray transform :

7(x,£)
Tof(z,€) = /0 fOta©)dt,  (2.€) € 8, (SM).
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Simple manifolds

Definition

A compact manifold (M, go) with boundary is simple if for any
p € My the exponential map exp,, with its maximal domain of
definition is a diffeomorphism onto My, and if M, is strictly
convex (that is, the second fundamental form of My — M is
positive definite).

1. Simple manifolds are non-trapping.
2. Simple manifolds are diffeomorphic to a ball.

3. A hemisphere is not simple.
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Injectivity of the ray transform

Injectivity of the ray transform is known to hold for

1. Simple manifolds of any dimension.

2. Manifolds of dimension > 3 that have strictly convex
boundary and are globally foliated by strictly convex
hypersurfaces (Uhlmann-Vasy).

3. A class of non-simple manifolds of any dimension such that
there are sufficiently many geodesics without conjugate points
and the metric is close to a real-analytic one
(Stefanov-Uhlmann).

4. There are counter-examples to injectivity of the ray transform.
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Main results in a conformal class

Theorem

Let (M, g) be a compact manifold with boundary which can be
embedded in the cylinder T'. Let q1,q2 € C(M) such that 0 is not
a Dirichlet eigenvalue of the corresponding Schrodinger operators.
Assume in addition that the ray transform in the transversal
manifold is injective. If Ag q, = Agq,, then g1 = qo.

Corollary

Let (M, g) be a compact manifold with boundary which can be
embedded in the cylinder T'.. Assume in addition that the ray
transform in the transversal manifold is injective. If Acg = Ag, then
c=1.
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A density property

Green's formula and the fact that A7 , = Ay 7 yield

/ (@1 — )T dV = / (Mg — Mgz dS = 0
M oM

for all pairs (u1,uz) of solutions of the Schrodinger equations
(=Ay +q1)ur =0, (—Ay + g2)ug = 0. So we are reduced to the
following density property

Is the linear span of products w us of solutions uy, us to two
Schrédinger equations with two potentials ¢; and @2 dense in, say,
LY(M) ?
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Thank you for your attention!
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