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Theorem

There exist 3 strictly positive constants C, M\, So and a function o where
B € €°(Q), such that
e without time ¢ = e*?
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SN[ €% VU2, o) + A7 0 ulf

lullg,,

3
< C (lle™ Aulltg) + X% ot )

. Result wellknown in lack of interface

2. There is a correspondance mnemonic between the exponents of s
and ¢

3. Suppose u = 0 on w and Au = 0. Then this theorem implies that
u=0on Q. That is an uniqueness result.

4. Suppose Au = pu (u being an eigenfunction) then
3
SN e piulZ g < CluPlle™ Ul + SN le% 0 ul2 )

< C(P|6% 2 Ul2oq) + X607 UlFe.,))

Cu?
( B W) le%¢ ot ull ) < Clle¥ i ulyy,

If we choose s and ) large enough, we see that we control u on Q by
its restriction on w.
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t
0,8lg= 0,8 — 3,8,

%

p=e

Figure: an example considered by Doubova-Osses & Puel, 2002
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Theorem

There exist 3 strictly positive constants C, )\, So and a function o where
B € €°(Q), such that
e without time ¢ = e*? (A= -V - ¢V)

sSX(| €22 Vil ) + S2X| €507 U Fa

lull3,,
4 s\ (|es‘/’<p%VTU\fz(s + (€502 0y, s 22 S)) + 33>\3|es“’<P%U|s\f2(3)
< C (HeSQPAU”Lz(Q + S3A4||eS<P<pgu||i2(w)) (2)

Yu e D(A),SZ So, A > Ao
owithtimewz%,0<t< T,(A=0;+V-cV)

—8n 2

&7
172(T — 1)

—sn

2 e 3
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+ s3\¢

6—257]

< cC||le=8; + div(cV 2+33)\4/ S A— 2 3
<H | t IV( q)|“ wx(0.7) t3(T )390 ‘q| ( )
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With S some difficulties appear:

Q ——— - -

+
0,8ls= 9,8 — 9,8,
A3
p= €

Figure: an example considered by Doubova-Osses & Puel, 2002

What the sign of

/ (1sxeu (20,35 + (0,020, )5 — V0P| [0, 5¢%)s ) &% do?
S

Le Rousseau-Robbiano Benabdallah-Dermenjian-Thevenet



Guided Waves: a disturbing situation

A=-V-(cV), Q=(0,1) x (0,H),DC on boundary"

c. h<y<H,

C(X’y)_c(y)_{1 0<y<h.

1<C+

—~ o~

Q. QL

Q
] guided wave
non guided wave

O

distribution of eigenvalues
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e non guided wave: A > ¢, (kr)?

sin(py) if0 <y < h,

Shath—A)) sin(q(z—-H))ifh<y < H.

wﬂny%=ﬂwmﬂ{ sin(ph)

where p? + (km)? = ¢ (9% + (k7)?) = Ak,

tan(q(H — h))

_ tan(ph)

q

p
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e non guided wave: A > ¢, (kr)?

sin(py) if0 <y < h,

Uk,e(X,y) = sin(kmx i , _
) (kr ){ s sin(q(z — H)) it h < y < H.

where 07 + (kn)? = o, (¢ + (kn?) = v, A=) _tan(oh),

e guided wave: (k)% < \k¢ < Cy(km)?

sin(py) if 0 < z < h,

Uk,e(X,y) = sin(kmx - T .
o) {fer ){ %Smh(qof—m) ifh<z<H.

where 7+ (kn)? = o, (@ -+(kn)?) = v, 2PEHZ) __tan(oh),




e non guided wave: g ¢ > ¢, (km)?

sin(py) if0 <y < h,

Uke(X,y) = sin(kmx i . .
ke(X.Y) (W){ %SIH(Q(Z—H))Ifh<y<H.

where 07 + (kn)? = o, (¢ + (kn?) = v, A=) _tan(oh),

e guided wave: (k)% < \k¢ < Cy(km)?

(x.y) = sin(knx) sin(py) if 0 < z < h,
u X, = 8l X i ) . .
kA5 ST sinh(G(y — H)) it h < z < H.

- h(g(H—-h h
where p2+(km)? = ¢ ((G)2+(KT)?) = Asr 0 (q% ) _ _ta”l()p )
These eigenfunctions decrease exponentially to 0 far from the interface,

in the part where the diffusion coefficient c is the biggest.




o(x.y) = oly) {C* pey=h

1 0<y<h
Q=(0,1) x (0,H)

Q, = (0,1) x (h, H)
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B _Jer h<y<H,
olx.y) = cly) = {1 ooy-h g
Q(
Q=(0,1) x (0,H)
Q, =(0,1) x (h, H) B
Q
For ¢, > 1 and fixed ¢, a guided wave satisfied
(0] 1 X

Jo, luke(x,y)|? dx dy
Jo luk,e(x, y)|? dx dy

tanh(§(H — h))

_(H-hp? ;
=+ cos?(ph) |tanh?(§(H — h)) + GH-h

252 -1

Energy is concentrated in the "valley". Are there lost informations ?



y
¢y h<y<H,
C =C =
() = e() {1 ocy-h g
Q+

Q=(0,1) x (0,H)

Q, =(0,1) x (h, H) B
c. >1,p=2e Q
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y
¢y h<y<H,
C =C =
() = e() {1 ocy-h g
Q+
Q=(0,1) x (0,H)
Q, =(0,1) x (h, H) B
c.>1,0=eb Q
(0] 1 X

(+) /s ( shou?[cR(9,5)%s + [0, u 2Dy Bls — |Oxul?| [ayﬁcz]su)eswa

ratio Ox Uk ¢
of amplitudes 9y uy,

_ k= tan(ph)

(X’h)gfgf;tan(kwx)’
tan(ph)

ph

0<x<1.

ratio ||3xUk,e||L2(s) B
of norms {19, uk ¢/ 2(s)
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/ (Isxeul2(e(0y 5)%]s + [y uPc?dy s — 0xul2] [0, 5¢%]s | ) % do
S

Ratio of norms
e Guided wave

22 tanh (k) /S (H — ) < ot < ken(H — h).

Ct - Ha}/uk,f‘lﬂ(s)

e Non guided wave

19:blizs poynged
Hayuk,EHLZ(s)

9 o

O . (V8
] guided wave
non guided wave distribution of eigenvalues
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Y
Necessity of an alternative approach for the guided waves
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Necessity of an alternative approach for the guided waves
—Au = 1f.
c

{ Ru+Ru=-L  y+£0,

[uls =0,[co,uls =0
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4

Necessity of an alternative approach for the guided waves
—Au = 1f.
c

{ Ru+Ru=-L  y+£0,
[uls =0,[co,uls =0

"Partial Fourier Transform" en x gives this ODE

. A 1
—ayUk + uiuk = Efk (4)
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Lemma (Calderon)
The solution of

V' — v =F se(-5,0)U(0,6),
v(6) =0,

v(=96) = v(0_)=v(04), civ/(04)=c_v/'(0_)+0
satisfies
_ 17 sinh(u(s - y))
W0) = — [ e (e Fy) + o F—y))dy

_ @tanh(ud)
p(cs +c-)
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1 .
Wk(y) = ESASO|392W‘S|Uk(Y)\2
> Wi ~ ||0xul?
k
8§Wk — /’LiWK = —dk
Wi (£H) = 0, Wi(07) = W,(0~) and ¢, W, (0T) = ¢ W, (0")

—dk = — L UesAps€75715 + i Wi

(1 = )i Wi + (9 )25 5675719

wo) - L [ s )

uk Jo (cy +c_)cosh(uxH

p ) (crdk(y) + c-dk(—y))dy
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It's the end.
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