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L Reduced basis and greedy algorithms

Formulation of many design problems in engineering :
optimal control problems with parametric PDE constraints

— frequent numerical solution of a PDE depending on dynamically
updated parameters

Model situation : (H, || - ||) Hilbert space, D C R? compact and (a,,).ep
a family of symmetric, continuous, and elliptic bilinear forms

a,:HxH =R,
so that || - ||, = a,(-,-)*/? are uniformly equivalent to || - || :

cllul < llully < Cllull, veH, peb.
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problem
au(uy,v) =®(v), veH, (1)

with & ¢ H'.
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Typical optimal control problem

min J(uu),

for some functional J, where u, € H is the solution of the variational
problem

au(uy,v) =®(v), veH, (1)
with & € H'.

— Employing a standard highly accurate numerical solution of the PDE
for each parameter value p € D is “infeasible”.

— Remedy : exploit the compactness of the set
F =A{uu; pe D}

in the energy space H.
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L Reduced basis and greedy algorithms

— Reduction : construct a finite dimensional subspace H, of H from
which any element in the compact set F can be well approximated.

Usually
H,=span{f;;j =0,....,m—1}, f:=u,.

(fo,- .., fm—1) is called reduced basis.

— Key question : find “good” parameters p; or, equivalently, good basis
functions f; € F : greedy stategy.
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L Reduced basis and greedy algorithms

— Problem : find functions {fo, ..., fn—1} so that each f € F is well
approximated by the elements of the subspace F, := span{fy,..., fm_1}.

Greedy algorithm :
fo = argmaxcc £|| ]|, F1 = span{fy}.

If fo,...,fmn_1 have been chosen, F,, = span{fy,...,fn_1} and P, is the
projector onto F,,, we choose f,, as

fm = argmaxsc 7 ||f — Pmf]].

“Computationally not feasible” — weak greedy algorithm
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L Reduced basis and greedy algorithms

Strategy : substitute the error ||f — P,f|| by a “surrogate” r,(f)
satisfying
Cirm(f) < ||f = Pmfl| < c"rim(f), f€H.

In other words, we seek f,,, so that
fm = argmaxyc zrm(f).
It is worth mentioning that

Cx
[ — Pmfmll > 7’;‘63}5‘“_ Pufll, v= = € (0,1).
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L Reduced basis and greedy algorithms

Let R, € B(H’', H) be the resolvent associated to the variational problem

(1)
R,:®eH — R,®:=u,cH.

Objective : provide greedy and weak greedy algorithms independent of
the given source terms.

Roughly, we need to carry out greedy algorithms when the preceding F is
substituted by the following one

F ={R,; ne€D}.
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L Reduced basis and greedy algorithms

Two references :

P. Binev, A. Cohen, W. Dahmen, R. De Vore, G. Petrova and P.
Wojtaszczyk,

Convergence rates for greedy algorithms in reduced basis methods,
SIAM J. Math. Anal. 43 (3) (2011), 1457-1472.

A. Buffa, Y. Maday, A. T. Patera, C. Prud’homme and G. Turinici,
A Priori convergence of the greedy algorithm for the parameterized
reduced basis,

Math. Model. Numer. Anal. 46 (2012), 595-603.
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l7Com:|uctivity as function of the resolvent

Let Q C R" bounded [2], n > 1. Fix 0 < 0p < 07 and set
Y={oelL®(Q); oo <o <o1ae inQ}.
As usual H3(Q) is endowed with the norm

[WllH2 ) = Vw2

2. It is enough to assume that Q has the Poincaré inequality.
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l7Com:|uctivity as function of the resolvent

Let Q C R" bounded [2], n > 1. Fix 0 < 0p < 07 and set
Y={oelL®(Q); oo <o <o1ae inQ}.

As usual H3(Q) is endowed with the norm
[WllH2 ) = Vw2

Denote by (-,-)_11 the duality pairing between H=1(Q) and H}(Q). Let
f € H1(Q) and o € . By Lax-Milgram’s lemma the variational problem

/ oVu-Vv={(f,v)_11, VE H3 (),
Q

has a unique solution u, € H3(Q). Moreover,

luallg) < o0 IFllH-1)-

2. It is enough to assume that Q has the Poincaré inequality.
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LConductivity as function of the resolvent

Whence the bounded operator, where o € &,
Ayt HHQ) — HHQ) : Apu = —div(oVu)

has an inverse R, := AJl € B(H™1(Q), H}(Q)).
The norm of Z(H~1(Q), H3(R)) is denoted by || - [|_1.1.

For any 0,0 € L,

03llRy = Rll-11 < llo = Gll=@) < 01lRs = Roll-11. (2)
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l7Com:|uctivity as function of the resolvent

If ds be the distance induced by the L norm, inequality (2) in Theorem
1 can rephrased as

O'SdR < dy < O’%dR onX XX,
where dg is the metric on X defined as follows

dr(0,0) = ||Rs — R3||-1,1, 0,0 € L.
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LConductivity as function of the resolvent

The first inequality in (2) is contained in the following lemma.

For any 0,0 € L>(Q) satisfying o9 < 0,0,

IRy — Rll-11 < 05 %llo — GlL=(a)-

This lemma is proved in a straightforward manner by using energy
estimates.
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LConductivity as function of the resolvent

The proof of the second inequality in (2) is based on

Let v € L°°(R). For a.e. xg € Q, there exists a sequence (ux, ) in H3(Q)
so that ||ux, c||Hz(@) = 1, for each ¢, and

|im/’y(X)|VUX°7E|2dX:’y(X0).
¢ Ja
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l7Com:|uctivity as function of the resolvent

Corollary 4

Let v € L*(Q) so that

/ +v|Vu?dx < C, for any u € H3(Q), lullHz@) = 1,
Q

for some constant C > 0. Then

V]l () < C. (3)
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l7Com:|uctivity as function of the resolvent

Let 0,0 € Lo. From the identity
Ao - AE = AJ(R?E - RU)A&U

we get
1A, = Al < o7lIRy — Re]l. (4)

On the other hand
(Ar = Ag)u,v) 11 = /(U = G)Vu- Vvdx, u,v e Hy(Q),
Q
implying

/Q(U —G)Vu - Vvdx < Ay — Az |[[[[ull ma (e VI g(e)s us v € Ho(R).
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l7Com:|uctivity as function of the resolvent

The last inequality and (4) entail
/ +(o = 0)|VulPdx < of||Ry — Rsll, u € Hy(Q), lullny) =1
Q

which yields the second inequality of (2) by Corollary 4.
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L Neumann and Robin boundary conditions

The Neumann case

For o € ¥, define AV : H}(Q) — (H*(Q))' by

(ANy vy = / oVu- Vvdx+/ uvdx, u,v € HY(Q),
Q Q

where (-, -) is the duality pairing between (H(£2))’ and H*(Q2).

AN is bounded and, with g; = max(oy, 1),

IAY ull )y < oqllulla), u € HY(Q).
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L Neumann and Robin boundary conditions

If f € (HY(Q)), we get by applying Lax-Milgram’s lemma that the
variational problem

/OVUU'VVdX+/UUVdX:<f, v), veHYQ) (5)
Q Q

has a unique solution u, € H*(Q).
Whence ANu, = f and v = u, in (5) implies

HurTHHl(Q) S Qal||f||(H1(Q))’7 with Og = min(ao, ].) (6)
Thus AY has a bounded inverse

RN .= (AM)~1 . (HY(Q)) — HY(Q).
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L Neumann and Robin boundary conditions

As

(AY — Al)u,v) = /(0’ —3)Vu-Vvdx, u,ve HY(Q),
Q

we get similarly to Theorem 1

lo =Gl < aTIRY — RY |l -1.1-
On the other hand,

aSIRY = RY|-11 < llo = 5)l1~()-
In other words, we have

aBlIRY — RY|—11 < |lo = Gl 1(0) < illo — Gl Le(a)-
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L Neumann and Robin boundary conditions

The Robin case

Assume that € has Lipschitz boundary T.

Pick 8 € L>(T) so that 8 > 0 and 3 > [y on an open subset 'y of T,
where 3y > 0 is some constant. Consider the Robin BVP

—div(cVu) =finQ and c0,u+ Pu=0onT, )

where 9, = v -V with v the exterior normal unit normal vector field on I'.
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L Neumann and Robin boundary conditions

If o € I, define AR : HL(Q) — (H}(Q)) by
(ARu vy = / oVu-Vvdx + /ﬁuvdS(X), u,v € HY(Q).
Q r
Equip H*(Q) with the norm

1/2
lullirey = (IVuliEzay + lulEecy) - (8)

AR is bounded and

HA5u||(H1(Q))/ < g1||UHH1(Q), ue HI(Q)7 with g1 = max(ol, HHﬁHLm(r))7

where « is the norm of the trace operator u € H*(Q) — ujr € L3(T)
when H(Q) is endowed with the norm (8).
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L Neumann and Robin boundary conditions

Consider the bilinear form
a(u,v) = / oVu-Vvdx + /5uvd5(x), u,v € HY(Q).
Q r

u — a(u, u) defines a norm on H'(Q) equivalent to the usual norm on
HY(Q). Let f € (H*(Q)). By Riesz's representation theorem, there exists
a unique u, € H'(Q) satisfying

a(ug,w):/aVUU vwdx+/5ug¢d5(x) (F,0), & e HY(Q). (9)

Note that u, is nothing but the variational solution of the BVP (7).
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L Neumann and Robin boundary conditions

From (9),
luollk2 (@) < aollf (), with o = min(ao, o).
Consequently, AR possesses a bounded inverse
Ry = (A1 (H(Q)) — HY(Q)

defined by RRf := u, for f € (H}(Q))'.
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L Neumann and Robin boundary conditions

From (9),
lus || (@) < aollfll(Hr)y> with oy = min(oo, Bo)-
Consequently, AR possesses a bounded inverse
Ry = (A1 (H(Q)) — HY(Q)
defined by RRf := u, for f € (H}(Q))'.
Starting from

(AR — ABYu, v) = /(0‘ —5)Vu-Vvdx, u,ve HY(Q),
Q

we get similarly to the Neumann case

9olIRy = REl-11 < llo = Gll ¢y < oTlIRS — RE[l-1.1,
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L Non homogeneous BVP's

Q is a C?-smooth bounded domain of R”, n > 2, diffeomorphic to the
unit ball of R”, and I' = 0Q.

Let o € ¥. For g € HZ(T") [3], denote by u, € H(Q) the unique weak
solution of the BVP

div(cVu)=0inQ and u=gonT.

We prove

luo @) < (1+ 05 o1)llell 3 -

3. Here H%(F) is viewed as the quotient space H(Q)/H3(Q):
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L Non homogeneous BVP's

Q is a C?-smooth bounded domain of R”, n > 2, diffeomorphic to the
unit ball of R”, and I' = 0Q.

Let o € ¥. For g € HZ(T") [3], denote by u, € H(Q) the unique weak
solution of the BVP

div(cVu)=0inQ and u=gonT.

We prove

luo @) < (1+ 05 o1)llell 3 -

Then R, given by R,g := u, defines a bounded operator from Hz (I
into H1(2) and
IRoll3a <1+ 05 0n.

Here || - [|1 ; denotes the norm in B(Hz(T), H(Q)).

3. Here H%(F) is viewed as the quotient space H(Q)/H3(Q):
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L Non homogeneous BVP's

Fix g € C3(T) so that
M ={xerl; g(x)=ming} I, ={xeT; g(x)=maxg}

are nonempty and connected, and the following condition fulfills : there
exists a continuous non decreasing function 1 : [0, 00) — [0, c0) with
1(0) =0 and pg > 0 so that, for any 0 < p < pg,

IV 8| > ¥(p), on {x €T; dist(x,[_UT}) > p}.

where V., denotes the tangential gradient.
Such a function is called quantitatively unimodal.
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L Non homogeneous BVP's

For o1 > 09, define

E={oeWH>(Q); 00 <o and |[o|wr=(g) < o1}

Theorem 5

[?] There exist two constants C > 0 and y > 0, that can depend on Q, £
and g, so that

o=@ < CIRE ~ RoEllfays 07 € &,

where &g = {0 € £&; 0 =T on T}, for some fixed T € £.

a. G. Alessandrini, M. Di Cristo, E. Francini and S. Vessella, Stability for quantitative
photoacoustic tomography with well chosen illuminations, arXiv :1505.03657.

v
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L Non homogeneous BVP's

Corollary 6

There exist two constants C > 0 and v > 0, that can depend on 2 and
&, so that

lo =&l < CIRs — Rsl[1,, 0,5 € &,

1
3

where & Is as in the preceding theorem.

This result can be interpreted as a Holder stability estimate of
determining o from R,.
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L-The one-dimensional case

Consider the BVP
—(o(x)ux)x = fin (0,1) ux(0)=0 and w(1l)=0. (10)

Recall
Y ={oeL*(0,1)); oo <o <oyae in(0,1)}

and let H = {u € H'((0,1)); u(1) = 0} equipped with the norm

lullm = lluxllz(0.1))-

By Lax-Milgram's lemma or Riesz’s representation theorem, for each
f € H', there exists a unique u = u, € H so that

/0 o(xX)ux(x)vx(x)dx = (f,v), v € H,

where (- -) is the duality pairing between H and its dual H'. Note that v,
is nothing but the variational solution of the BVP (10).
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L-The one-dimensional case

Therefore R, : f € H — u, € H defines a bounded operator with

IRoFllm < o 111

Pick f € L?((0,1)) and set

1oy gt
v(x):/x a(t)/o f(s)dsdt, x € [0,1].

Then v is absolutely continuous, v(1) =0 and

1 X
V(x) = —@/0 F(t)dt ae. (0,1). (11)

On the other hand, if w € H, we get by applying Green's formula

/ " (s () = — / () ( / ’ f(t)dt) we= [ ! ) ().

In other words, v = R, f.
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L-The one-dimensional case

Denote by W~11((0, 1)) the closure of C§°((0,1)) for the norm

s = | [ 7o)
0

Lx((0,1))

The norm of Z(W~11((0,1)), L*((0,1))) is denoted by || - ||—1.1

Lemma 7

Let m € L>=((0,1)) and T, : W=11((0,1)) — L((0,1)) given as follows

Tf(x) = m(x) /OX F(t)dt, ae. x € (0,1). (12)

Then || Trmll—1,1 = l|mll e ((0,1))-
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L-The one-dimensional case

Introduce the distance between the resolvents

Ry — Rz« = HTI/U - T1/5H—1,1

For 0,0 € ¥, formula (11) yields

(Ryf — Rsf), = (; - i) /OX f(t)dt a.e.in (0,1).

Therefore, we obtain as a consequence of Lemma 7

IRs = Rs ||« =

g g

Le((0,1))
This identity implies

01211 — ol (0,1)) < |IRs — R5ll < 00215 — || ((0,1))-

(13)
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L-The one-dimensional case

Distance to a subspace

Consider a distinguished coefficient 7 and m > 2 others, o1, -+ , 0, and
denote the corresponding resolvents by R, and Ry, --- , Ry, respectively.

From identity (11), we have

(RJ—ia,-R,-f) - (zm:"”'—1> /X F(t)dt ae. in(0,1) (14)
i=1 N oi T /) Jo

i=1
that yields the representation of the difference of a resolvent with respect

to the linear combination of a finite number of others.

Then

m

R, =) aiR;

i=1

m
aj 1

g

(15)

. i=1

Le=((0,1))
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L-The one-dimensional case

In other words, the L°°-distance between inverses of coefficients, yields
an adequate “surrogate” for the distance between the resolvents :

dist.(R;,span{R;,1 <i < m})
= dist < ((0,1)) (T_l,span{ai_l, 1<i< m}) .

dist, is the distance associated to || - ||«-norm in (13).
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L-The one-dimensional case

Greedy algorithm
Consider the parameter-dependent BVP

—(o(x,p)ux)x = fin (0,1) u(0) =0 and u(l) =0,

with 1 € D, where D is some compact subset of RY.
Assume that o(-, ) € X, for any u € D.

Fix some 0 < v < 1. Having found pg, ..., ttm—1, with the corresponding
diffusivity coefficients o1,...,0m_1, 0; = o(-, t;), we choose the next
element pi, such that the corresponding diffusivity coefficient o, satisfies
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L-The one-dimensional case

dist;((0,1)) (0;71, span{a,fl; i=1,...,m— 1})
(16)

> dist; )t “Li=1,...,m-1}).
> 7 maxdisti= ((0.)) (o(-, )", span{o; ;i m—1})

The important consequence of this fact is that, for the identification of
the most relevant parameter values y,,, we do not need to solve the
elliptic equation, but simply deal with the family of coefficients o(x, ),
solving a classical L°°-minimisation problem in an approximated manner
as indicated in (16) by a multiplicative factor (0 < v < 1).
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L Extension : the density as function of the resolvent operator

Assume that Q is C11.

For f € L?(Q2) and p € L*°(Q), the variational problem
/ Vu-Vvdx = / pfudx, v € H3(Q). (17)
Q Q

has a unique solution u, :== R,f € H}(R).

Let A be the bounded operator A : H3(Q2) N H(Q) — L?(2) given by
Au = —Au, and denote its inverse by R.

We prove

IRITHIR I < Nlplle(@) < NAIIRoNl, p € L¥(S).
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L Extension : the density as function of the resolvent operator

Fix p1,...,pn € L®(Q). Let p € Viy =span{p1,...pn} and p € L®(Q).
As p = R, is linear, we get

IRITHIR, = Rall < llp = plle=(@) < IANIR, — Rall-
Define then the distance d between the resolvent R, and Rj as follows
d(R,. R5) = llp — pll L= (-
The distance d yields an appropriate surrogate between resolvents :
d(Rz, Rn) = dist;~(q)(p, V),

where Ry = span{R,,,..., R,y }.
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L Some open problems

@ Surrogates in the multi-dimensional case : this problem is totally
open in the multi-dimensional case.

@ Elliptic matrices : in dimensions n > 2 the same problems can be
formulated for equations of the form

0,y (x, p)Oyu) = F.

The problem is much more complex in this case since there is no a
sole coefficient ¢ to be identified but rather all the family o with
ij=1,...,n.

@ Elliptic systems : the same problems arise also in the context of
elliptic systems such as, for instance, the system of elasticity.
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L Some open problems

@ Evolution equations : the problem addressed make also sense for
evolution problems and, in particular, parabolic, hyperbolic and
Schrédinger equations.

@ Control problems : Greedy and weak greedy methods have been
implemented in the context of controllability of finite and
infinite-dimensional ODEs. But this has been done for fixed specific
data to be controlled. It would be interesting to analyze whether our
results can be extended to these controllability problems so to
achieve approximations independent of the data to be controlled.
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