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Local Carleman estimates
Let u be a solution of

Ppx,Dqu “
ÿ

|α|ďm

aαpxqBαu “ 0

Let ψ P C2 real valued function, ∇ψ ‰ 0.
pu ” 0 in tψ ă 0uq ñ pu ” 0 in tψ ą 0uq
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Let ψ P C2 real valued function, ∇ψ ‰ 0.
pu ” 0 in tψ ă 0uq ñ pu ” 0 in tψ ą 0uq

Holmgren 1901: Analytic coefficients
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Let u be a solution of
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|α|ďm

aαpxqBαu “ 0

Let ψ P C2 real valued function, ∇ψ ‰ 0.
pu ” 0 in tψ ă 0uq ñ pu ” 0 in tψ ą 0uq

Petrovsky 1937 : Strictly hyperbolic equations.

M.Bellassoued Carleman estimates Porquerolles, 16-19 Mai 2016 4 / 53



Local Carleman estimates
Let u be a solution of

Ppx,Dqu “
ÿ

|α|ďm

aαpxqBαu “ 0

Let ψ P C2 real valued function, ∇ψ ‰ 0.
pu ” 0 in tψ ă 0uq ñ pu ” 0 in tψ ą 0uq

Carleman 1939 : Two independent variables.
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Local Carleman estimates
Let u be a solution of

Ppx,Dqu “
ÿ

|α|ďm

aαpxqBαu “ 0

Let ψ P C2 real valued function, ∇ψ ‰ 0.
pu ” 0 in tψ ă 0uq ñ pu ” 0 in tψ ą 0uq

Hörmander, Calderon,...
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Local Carleman estimates

Let Ppx,Dq be a linear differential operator of order 2 defined in an
open set Ω Ă Rn. The following type of a priori estimate is called
Carleman estimate

τ

ż

Ω
p|∇u|2 ` τ 2 |u|2qe2τϕdx ď C

ż

Ω
|Ppx,Dqu|2 e2τϕdx,

for any u P C 2
0 pΩq.

Hörmander, Isakov, Lerner, Robbiano, Zuily...
If the strong pseudo-convexity condition is satisfied, then we have
the Carleman estimate.
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Global Carleman estimates

Let Ppx,Dq be a linear differential operator of order 2 defined in an
open set Ω Ă Rn. The following type of a priori estimate is called global
Carleman estimate

τ

ż

Ω
p|∇u|2 ` τ 2 |u|2qe2τϕ ď

ż

Ω
|Ppx,Dqu|2 e2τϕ ` τ

ż

Γ0

|Bνu|2 e2τϕ,

for any u P H2pΩq X H1
0pΩq. Here Γ0 Ă Γ “ BΩ
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Sufficient Conditions

We are interested in conditions on ϕ “ eβψ and Γ0 Ă Γ implying the
Carleman estimate

τ

ż

Ω
p|∇u|2 ` τ 2 |u|2qe2τϕ ď

ż

Ω
|Ppx,Dqu|2 e2τϕ ` τ

ż

Γ0ĎΓ
|Bνu|2 e2τϕ,

for any u P H2pΩq X H1
0pΩq.

ϕ satisfies the strong pseudo-convexity condition in Ω

ϕ satisfies the strong Lopatinskii condition on ΓzΓ0.
Tataru, Imanuvilov, Isakov, Bellassoued,...
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Example 1: Elliptic equation

Let A P L8pΩ,Cnq, q P L8pΩ,Cq, ϕ “ eβψ

Ppx,Dq “ ´∆` A ¨∇` qpxq.

|∇ψpxq| ą 0 @x P Ω,
loooooooooooomoooooooooooon

Pseudo-convexity in Ω

and Bνψpxq ă 0, x P ΓzΓ0
looooooooooooomooooooooooooon

Lopatinskii in ΓzΓ0

p˚q

Imanuvilov-Fursikov
Let Γ0 Ă Γ be an arbitrary open set. Then there exist ψ P C 2pΩq s.t. p˚q
is satisfied.
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Example 1: Elliptic equation

Let A P L8pΩ,Cnq, q P L8pΩ,Cq ,

Ppx,Dqu “ p´∆` A ¨∇` qpxqqu “ f , u P H2pΩq X H1
0pΩq,

Let Γ0 Ă Γ be an arbitrary open set. there exist C ą 0

C }u}H1pΩq ď }f }L2pΩq ` }Bνu}L2pΓ0q
.

Let ω Ă Ω be an arbitrary open set. there exist C ą 0

C }u}H1pΩq ď }f }L2pΩq ` }u}L2pωq .
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Exemple 2: Wave equation

Let α ą 0, Q “ Ωˆ p0,Tq, Qα “ Ωˆ pα,T ´ αq, Σ “ Γˆ p0,Tq,

Ppx,Dq “ B2
t ´∆` A ¨∇` qpxq, (Wave)

Determine Γ0 Ă Γ and Φ : RÑ R such that

}u}H1pQαq
ď Φ

´

}f }L2pQq ` }Bνu}L2pΓ0ˆp0,Tqq

¯

, Φp0q “ 0,

for any u P H2pQq such that Ppx,Dqu “ f and u|Σ “ 0.
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Exemple 2: Wave Equation

Let T ą 0, Q “ Ωˆ p0,Tq, Σ “ Γˆ p0,Tq

Ppx,Dq “ B2
t ´∆` A ¨∇` qpxq

Let ψpxq “ |x´ x0|
2, x0 P RnzΩ

ϕpt, xq “ eβpψpxq´γt2q, Γ0 Ą tx P Γ, px´ x0q ¨ ν ě 0u

T ą 2DiampΩq we have

}u}H1pQαq
ď }u}1´µH1pQq

´

}f }L2pQq ` }Bνu}L2pΓ0ˆp0,Tqq

¯µ
, µ P p0, 1q

for any u P H2pQq such that Ppx,Dqu “ f and u|Σ “ 0.
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Wave equation: with variable coefficients

Let pM, gq a Riemannian manifold, ∆ “ ∆g. We assume that there
exists a positive and smooth function ψ0 on M:

(A.1): ψ0 is strictly convex on M with respect to the metric g:

D2ψ0pX,Xqpxq ą 0, x PM, X P TxMz t0u .

(A.2): We assume that ψ0pxq has no critical points on M:

min
xPM

|∇ψ0pxq| ą 0.

(A.3): Under (A.1)-(A.2), let Γ0 Ă BM satisfy

tx P BM; Bνψ0 ě 0u Ă Γ0.
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Wave equation: with variable coefficients

Let us define

ψpt, xq “ ψ0pxq ´ β pt ´ t0q
2
` β0, 0 ă β ă %, 0 ă t0 ă T, β0 ě 0,

We define the weight function ϕ : Mˆ RÑ R by

ϕpx, tq “ eγψpx,tq,

Theorem (Bellassoued 04’)
Assume (A.1), (A.2) and (A.3) then the global Carleman estimates is
hold in pM, gq.
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Wave equation: with variable coefficients

pA.1q, pA.2q, pA.3q ñ GCC: Bardos-Lebeau-Rauch
ö

Wiffle Ball: S2 deleting ε-neighborhood of the segments along the
equator with longitudes rπ{6, π{2s, r5π{6, 7π{6s and r3π{2, 11π{6s
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Sufficient Conditions on Γ0

Elliptic operator
We have a Lipschitz stability estimate of the Cauchy problem if Γ0 Ă Γ
be an arbitrary open set.

Hyperbolic operator
We have a Hölder stability estimate of the Cauchy problem if Γ0 Ă Γ is
large:

Γ0 Ą tx P BΩ; Bνψ0 ě 0u
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Fourier-Bros-Iagolnitzer transform (F.B.I)

We will specialize to the FBI transform with a Gaussian window:
v P S 1pRq,

ĂFλvps, tq “ α

ż

R
e

λ
2 p2ips´ηqt´ps´ηq2qvpηqdη.

We also consider the closely related to Bargmann transform,
defined by

Fλvpzq “
ż

R
e´

λ
2 pz´ηq

2
vpηqdη, z “ s´ it

iBs pFλvps, tqq “ FλpBtvqps, tq
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Fourier-Bros-Iagolnitzer transform (F.B.I)

´pB2
s `∆
loomoon

Elliptic eq.

q pFλups, t; xqq “ FλppB
2
t ´∆qu
loooomoooon

Wave eq.

qps, t; xq :“ Fλpf qpt, s; xq

Let Γ0 Ă Γ be an arbitrary open set.

By the elliptic Lipschitz stability estimate:

}Fλupt, .q}H1pQαq
ď

´

}Fλf pt, .q}L2pQq ` }BνFλupt, .q}L2pΓ0ˆp0,Tqq

¯

,
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Fourier-Bros-Iagolnitzer transform (F.B.I)

}Fλf pt, .q}L2pQq ď eCλ }f }L2pQq ,

}BνFλupt, .q}L2pΓ0ˆp0,Tqq ď eCλ }Bνu}L2pΓ0ˆp0,Tqq

}Fλupt, .q}H1pQαq
ď eCλ

´

}f }L2pQq ` }Bνu}L2pΓ0ˆp0,Tqq

¯

Moreover

}Fλupt, .q ´ u}H1pQαq
ď

C
λ
}u}H2pQq .

Then we have

}u}H1pQαq
ď

C
λ
}u}H2pQq ` eCλ

´

}f }L2pQq ` }Bνu}L2pΓ0ˆp0,Tqq

¯
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Fourier-Bros-Iagolnitzer transform (F.B.I)

Let Γ0 Ă Γ be an arbitrary open set, we have For the Wave equation:

}u}H1pQαq
ď Φ

´

}f }L2pQq ` }Bνu}L2pΓ0ˆp0,Tqq

¯

,

Φpδq “ Cplogp2` δ´1qq´1.
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Setting at a boundary
We consider

P be a smooth elliptic of order m “ 2µ.

P “
ÿ

|α|ďm

aαpxqBα,

with complex-valued coefficients.
m{2 linear smooth boundary operators of order less than m

Bk “
ÿ

|α|ďβk

bk
αpxqB

α, k “ 1, . . . , µ “ m{2,

with complex-valued coefficients, defined in some neighborhood
of BΩ.

Consider the elliptic boundary value problem
#

Pupxq “ f pxq, x P Ω,

Bkupxq “ gkpxq, x P BΩ, k “ 1, . . . , µ.
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Setting at a boundary
Consider the elliptic boundary value problem

#

Pupxq “ f pxq, x P Ω,

Bkupxq “ gkpxq, x P BΩ, k “ 1, . . . , µ.

We wish to obtain an estimate of the form

}eτϕu}2 ` |eτϕTpuq|2 À }eτϕPpx,Dqu}2 `
µ
ÿ

k“1

|eτϕBkpx,Dqu|2,

for u supported near a point at the boundary Tpuq is the trace of
pu,Dνu, . . . ,Dm´1

ν uq. If we set

Pϕ “ eτϕPpx,Dqe´τϕ; Bk
ϕ “ eτϕBkpx,Dqe´τϕ; v “ eτϕu

then the Carleman estimate reads:

}v}2 ` |Tpvq|2 À }Pϕv}2 `
µ
ÿ

k“1

|Bk
ϕv|2,

Estimates of this form were obtained by Tataru. We give more precise
estimates here and include the complex coefficient case.
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1st order operator at a boundary
Let ρ` P C such that Imρ` ą 0, f P S pR`q and u0 P C. We consider
the boundary problem

"

pDxn ´ ρ
`q upxnq “ f pxnq xn ą 0 p1`q

up0q “ u0 P C p2q

The first line can be solved by Fourier transformation: Let f` the
extension of f by 0 on p´8, 0q. Let

vpxnq “ F´1
ˆ

1
ξn ´ ρ`

F pf`q
˙

then vpxnq the restriction of v to R` is a solution of the first line. Since
Imρ` ą 0 we have

vpxnq “ F´1
ˆ

1
ξn ´ ρ`

˙

˚ f`pxnq

“ i
´

Hpxnqeiρ`xn
¯

˚ f`pxnq “ i
ż xn

0
eiρ`pxn´ynqf pynqdyn
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1st order operator at a boundary
Let ρ` P C such that Imρ` ą 0, f P S pR`q and u0 P C. We consider
the boundary problem

"

pDxn ´ ρ
`q upxnq “ f pxnq xn ą 0 p1`q

up0q “ u0 P C p2q

The full problem is then solved by reduction to a semihomogenous
problem: Set wpxnq “ upxnq ´ vpxnq then since vp0q “ 0, wpxnq must
solve

"

pDxn ´ ρ
`qwpxnq “ 0 xn ą 0

wp0q “ u0 P C
that is

wpxnq “ eiρ`xnu0

So the solution of the full problem is

upxnq “ eiρ`xnu0
loomoon

PS pR`q

` i
ż xn

0
eiρ`pxn´ynqf pynqdyn

looooooooooooomooooooooooooon

PS pR`q
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1st order operator at a boundary
Let ρ´ P C such that Imρ´ ă 0, f P S pR`q and u0 P C. We consider
the boundary problem

`

Dxn ´ ρ
´
˘

upxnq “ f pxnq xn ą 0 p1´q

One solution of p1´q is found by taking the restriction to p0,8q of the
L2 function:

vpxnq “ F´1
ˆ

1
ξn ´ ρ´

˙

˚ f`pxnq

“

´

´iHp´xnqeiρ´xn
¯

˚ f`pxnq “ ´i
ż 8

xn

eiρ´pxn´ynqf pynqdyn

it is locally absolutely continous. Now vpxnq is the only solution
belonging to L2pR`q: for any other solution upxnq let
wpxnq “ upxnq ´ vpxnq then:

`

Dxn ´ ρ
´
˘

wpxnq “ 0 xn ą 0

which is of the form wpxnq “ eiρ´xnc0, that is not in L2pR`q for c0 ‰ 0
since Imρ´ ă 0.
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1st order operator at a boundary
We give special names to the occuring operators:

λ`pξnq “
1

ξn ´ ρ`
a symbol in S´1pRˆ Rq

Λ`pDnqf “ F´1 `λ`pξnqF pf q
˘

the corresponding Ψd.o

Λ`ΩpDnqf “ r`F´1 `λ`pξnqF pf`q
˘

its restriction to Ω “ R`

Let us also introduce the multiplication operotor

kpxn, ρ
`qc “ Hpxnqeiρ`xnc, c P C.

Then the conclusions that the operator:

A` : S pR`q Ñ S pR`q ˆ C
u ÞÑ pf “ pDn ´ ρ

`qu, up0qq

is bijective and has the inverse operator

A´1
` : S pR`q ˆ C Ñ S pR`q

pf , u0q ÞÑ k`pxnqu0 ` Λ`ΩpDnqf

M.Bellassoued Carleman estimates Porquerolles, 16-19 Mai 2016 26 / 53



1st order operator at a boundary

λ´pξnq “
1

ξn ´ ρ´
a symbol in S´1pRˆ Rq

Λ´pDnqf “ F´1 `λ´pξnqF pf q
˘

the corresponding Ψd.o

Λ´ΩpDnqf “ r`F´1 `λ´pξnqF pf`q
˘

its restriction to Ω “ R`

Then the conclusions from the example with ρ´ is that the operator:

A´ : S pR`q Ñ S pR`q
u ÞÑ f “ pDn ´ ρ

´qu

is bijective and has the inverse operator

A´1
´ : S pR`q Ñ S pR`q

f ÞÑ Λ´ΩpDnqf
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2nd order operator at a boundary
The general theory for elliptic boundary value problems can be
regarded as built up from the laste two examples. Consider the
Dirichlet problem on the half space Rn

`
"

p´∆` 1q upxq “ f pxq xn ą 0
upx1, 0q “ u0px1q xn “ 0

By Fourier transform in the x1-varibale

p1q

# ´

D2
xn
` 〈ξ1〉2

¯

ûpξ1, xnq “ f̂ pξ1, xnqq xn ą 0

ûpξ1, 0q “ û0pξ
1q xn “ 0

Now
´

D2
xn
`
〈
ξ1
〉2
¯

“
`

Dxn ´ i
〈
ξ1
〉˘ `

Dxn ` i
〈
ξ1
〉˘
“

`

Dxn ´ ρ
`
˘ `

Dxn ´ ρ
´
˘

We can solve (1) by breaking it up in two problems
"

pDxn ´ ρ
`q ûpxnq “ v xn ą 0

ûp0q “ û0pξ
1q xn “ 0

;
`

Dxn ´ ρ
´
˘

v “ f̂ xn ą 0
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2nd order operator at a boundary

We can solve (1) by breaking it up in two problems
"

pDxn ´ ρ
`q ûpxnq “ v xn ą 0

ûp0q “ û0pξ
1q xn “ 0

;
`

Dxn ´ ρ
´
˘

v “ f̂ xn ą 0

v “ A´1
´ f̂ pξ1, xnq “ Λ´ΩpDnqf̂ pξ1, xnq, ρ´ “ ´i

〈
ξ1
〉

ûpξ1, xnq “ A´1
` pvpξ

1, ¨q, û0pξ
1qq “ k`pxnqû0pξ

1qq ` Λ`ΩpDnqv, ρ` “ i
〈
ξ1
〉

ûpξ1, xnq “ A´1
`

`

vpξ1, ¨q, û0pξ
1q
˘

“ k`pxnqû0pξ
1q ` Λ`ΩpDnqΛ

´
ΩpDnqf̂ pξ1, xnq
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2nd order operator at a boundary
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ûpξ1, xnq “ A´1
` pvpξ

1, ¨q, û0pξ
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2nd order operator at a boundary
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2nd order operator at a boundary
2nd-order operators at the boundary were precisely treated by
G. Lebeau and L. Robbiano (95, 97).
Set

P “ ´∆ “
ÿ

j

D2
j ; BΩ “ txn “ 0u, Ω “ txn ą 0u

We write x “ px1, xnq and ξ “ pξ1, ξnq.
Take ϕ “ ϕpxnq such that ϕ1 ą 0. Then

Pϕ “
`

Dxn ` iτϕ1pxq
˘2
`

D12
hkkkkikkkkj

ÿ

1ďjďn´1

D2
j

“
`

Dxn ` ipτϕ1pxq `
ˇ

ˇD1
ˇ

ˇq
˘`

Dxn ` ipτϕ1pxq ´
ˇ

ˇD1
ˇ

ˇq
˘

,

where |D1| “ Opp|ξ1|q.
Consider the principal symbol

pϕpx, ξq “ ppx, ξ ` iτϕ1q “
`

ξn ` ipτϕ1pxq ` |ξ1|q
˘`

ξn ` ipτϕ1pxq ´ |ξ1|q
˘
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2nd order operator at a boundary
Principal symbol

pϕpx, ξq “ ppx, ξ ` iτϕ1q “
`

ξn ` ipτϕ1pxq ` |ξ1|q
˘`

ξn ` ipτϕ1pxq ´ |ξ|q
˘

“
`

ξn ´ ρ1
˘`

ξn ´ ρ2
˘

In the low-frequency regime, |ξ1| small,

ρ2

=pzq

<pzq

ρ1

We have (a microlocal perfect elliptic estimate)

}v}2,τ ` |Tpvq|1,1{2,τ À }Pϕv}L2 p` ¨ ¨ ¨ q
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ξn ` ipτϕ1pxq ´ |ξ|q
˘

“
`

ξn ´ ρ1
˘`

ξn ´ ρ2
˘

In the high-frequency regime, |ξ1| large,

ρ2

=pzq

<pzq

ρ1

=pzq

<pzq

ρ1

ρ2

We have

τ´1{2 }v}2,τ ` |Tpvq|1,1{2,τ À }Pϕv}L2 ` boundary norm p` ¨ ¨ ¨ q

The boundary norm can be of Dirichlet, Neumann, Robin type...
M.Bellassoued Carleman estimates Porquerolles, 16-19 Mai 2016 31 / 53



High-order operator at a boundary

Set %1 “ px, ξ1, τq
We have

pϕp%1, ξnq “

m
ź

j“1

`

ξn ´ ρjp%
1q
˘

“ p`ϕ p%
1, ξnqp´ϕ p%

1, ξnqp0
ϕp%

1, ξnq,

with

p˘ϕ p%
1, ξnq “

ź

˘Imρją0

pξn ´ ρjq, p0
ϕp%

1, ξnq “
ź

Imρj“0

pξn ´ ρjq.

p´ϕ yields a prefect elliptic estimate.

We set
κϕp%

1, ξnq “ p`ϕ p%
1, ξnqp0

ϕp%
1, ξnq
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High-order operator at a boundary: κϕp%1, ξnq “ 1
Principal symbol

pϕpx, ξq “ ppx, ξ ` iτϕ1q “
k
ź

j“1

`

ξn ´ ρjpx, τ, ξ1q
˘

If all the roots have a negative imaginary part,

ρ3

=pzq

<pzq

ρ1
ρ2

ρk

Write pϕ “ a` ib, a and b both self adjoint and A “ apx,D, τq,
B “ bpx,D, τq, we have

}Pϕpx,Dqv}
2
L2 “ }Av}2L2 ` }Bv}2L2 ` 2< pAv, iBvq
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Bézout Matrices
Given two univariate polynomials apζq “

m
ÿ

j“0

ajζ
j, bpζq “

m
ÿ

j“0

bjζ
j, we

build the following bivariate polynomial

Ba,bpζ, rζq “
apζqbprζq ´ aprζqbpζq

ζ ´ rζ
“

m´1
ÿ

j,k“0

gj,k ζ
j
rζk,

called the Bézoutian of a and b, and the corresponding symmetric
matrix ga,b “ pgj,kq of size mˆ m with entries gj,k, bilinear in the
coefficients of a and b, is called the Bézout matrix and given by :

gj,k “

minpj,kq
ÿ

`“0

`

b`aj`k´``1 ´ bj`k´``1a`
˘

,

upon letting ak “ bk :“ 0 for k ą m and k ă 0. With this Bézout matrix
we associate the following bilinear form:

rBa,bpz, z1q “
m´1
ÿ

j,k“0

gj,kzjz1k, z “ pz0, . . . , zm´1q, z1 “ pz10, . . . , z
1
m´1q P Cm.
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Hermite Theorem

The following Hermite Theorem providing a relation between the roots
of a polynomial and the Bézout matrix associated with the real and
imaginary parts of the polynomial.

Lemma (Hermite Theorem)

Let hpζq “ apζq ` ibpζq be a polynomial of degree k ě 1, where apζq
and bpζq are polynomials with real coefficients. Assume that all the
roots of hpζq are in the lower complex half-plane t=ζ ă 0u. Then the
roots of apζq and bpζq are real and distinct. Moreover, the bilinear form
rBa,bpz, z1q is positive, that is there exists C ą 0 such that

rBa,bpz, zq ě C |z|2 , z P Ck.
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A generalized Green formula
Consider two smooth and real symbols apx, ξ, τq and bpx, ξ, τq. The
following identity holds true

2Re pAv, iBvq “ Ha,bpvq `Ba,bpvq ` Rpvq, A “ apx,D, τq, B “ bpx,D, τq,

for any v P S pRn
`q. Here:

Ba,b is the boundary quadratic form with symbol the Bézout matrix
rBa,bpz, z1q.
Ha,b is an interior quadratic form with real symbol

ha,bp%q “ subpa, bqp%q “ ta, bu `
ÿ

|α|“1

`

bBαξ B
α
x a´ aBαξ B

α
x b

˘

.

the remainder term Rpvq is a quadratic form that satisfies

|Rpvq| ď C }v}2k,´1,τ .

M.Bellassoued Carleman estimates Porquerolles, 16-19 Mai 2016 36 / 53



High-order operator at a boundary: κϕpξnq “ 1
Principal symbol

pϕpx, ξq “ ppx, ξ ` iτϕ1q “
k
ź

j“1

`

ξn ´ ρjpx, τ, ξ1q
˘

If all the roots have a negative imaginary part,

ρ3

=pzq

<pzq

ρ1
ρ2

ρk

we want to prove (a microlocal perfect elliptic estimate)

}v}m,τ ` |Tpvq|k´1,1{2,τ À }pϕv}L2 p` ¨ ¨ ¨ q
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Ideas of the proof
We have

2< pAv, iBvq “ Ha,bpvq `Ba,bpvq ` Rpvq, A “ apx,D, τq, B “ bpx,D, τq,

Write pϕ “ a` ib, a and b both self adjoint.

}Apx,D, τqv}2L2 ` }Bpx,D, τqv}2L2 ě C }v}2k,τ ´ C1|Tpvq|2k´1,1{2,τ

(the roots of a and b are real and distinct)

With a generalized green formula we have

2<pAv, iBvqL2 ě Ha,bpvq `Ba,bpvq ´ C }v}2k,´1{2,τ

Sub-ellipticity property:

pϕp%, ξnq “ 0 ñ ta, bup%, ξnq ą 0 ñ ha,bp%, ξnq ą 0.

The position of the roots and the Hermite Theorem give

Ba,bpvq Á |Tpvq|2k´1,1{2,τ
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High-order operator at a boundary

Set %1 “ px, ξ1, τq
We have

pϕp%1, ξnq “

m
ź

j“1

`

ξn ´ ρjp%
1q
˘

“ p`ϕ p%
1, ξnqp´ϕ p%

1, ξnqp0
ϕp%

1, ξnq,

with

p˘ϕ p%
1, ξnq “

ź

˘Imρją0

pξn ´ ρjq, p0
ϕp%

1, ξnq “
ź

Imρj“0

pξn ´ ρjq.

p´ϕ yields a prefect elliptic estimate.

We set
κϕp%

1, ξnq “ p`ϕ p%
1, ξnqp0

ϕp%
1, ξnq
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High-order operator at a boundary

Boundary operators: Bk, k “ 1, . . . , µ

Conjugated operators: Bk
ϕ “ eτϕBke´τϕ

Principal symbol: bk
ϕp%

1, ξnq ” bk
ϕpξnq

Strong Lopatinskii condition:
The set tbk

ϕpξnquk“1,...,µ is complete modulo κϕpξnq as polynomials in ξn.

For all f pξnq polynomial, there exist c1, . . . , cµ P C and qpξnq polynomial
such that

f pξnq “

µ
ÿ

k“1

ckbk
ϕpξnq ` qpξnqκϕpξnq
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High-order operator at a boundary

We have thus obtained

Theorem (Bellassoued, Le Rousseau)
Under

sub-ellipticity condition,
strong Lopatinskii condition,

Let x0 P BΩ. There exist W a nbhd of x0, C ą 0, and τ0 ą 0 such that at
the boundary

τ´1 }eτϕu}2m,τ ` |e
τϕTpuq|2m´1,1{2,τ

ď C
´

}eτϕPpx,Dqu}2L2 `

µ
ÿ

k“1

|eτϕBkpx,Dqu|2m´1{2´βk,τ

¯

,

for τ ě τ0 and u “ w|Ω with w P C80 pWq.
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Outline

1 Review in Carleman estimates

2 Carleman estimate for high-order operator at a boundary

3 Application: Inverse problem of the dynamic Schrödinger equation
in waveguide
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Dynamic Schrödinger equation in waveguide

Let ω is an open connected bounded domain in Rn´1, n ě 3, with
boundary Bω, and we consider Ω :“ ω ˆ R, in Rn, with cross section ω.
Its boundary is denoted by Γ :“ Bω ˆ R. Given T ą 0, p : Ω Ñ R and
u0 : Ω Ñ R, we consider the Schrödinger equation,

´iBtupx, tq ´∆upx, tq ` ppxqupx, tq “ 0, px, tq P Ωˆ p0,Tq,

associated with the initial data u0,

upx, 0q “ u0pxq, x P Ω,

and the homogeneous Dirichlet boundary condition,

upx, tq “ 0, px, tq P Γˆ p0,Tq.
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Dynamic Schrödinger equation in waveguide

Given an arbitrary relatively open subset S˚ Ă Bω, we aim for
determining the unknown potential p “ ppxq from one Neumann
observation of the function up on Σ˚ :“ Γ˚ ˆ p0,Tq, where Γ˚ :“ S˚ ˆR
is an infinitely extended strip.

The uniqueness issue: is to know whether any two admissible
potentials pj, j “ 1, 2, are equal, i.e. p1pxq “ p2pxq for a.e. x P Ω, if their
observation data coincide, that is, if we have

Bνup1px, tq “ Bνup2px, tq, px, tq P Σ˚.
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Dynamic Schrödinger equation in waveguide

Theorem (Bellassoued-Kian-Soccorsi)

Assume that

Dκ ą 0, Dd0, |u0px1, xnq| ě κxxny
´d0{2, px1, xnq P Ω.

For pj P Padmissiblepp0, ω0q, j “ 1, 2, we denote by uj the solution to the
IBVP, where pj is substituted for p. Then, for any ε P p0, 1q, there exists
a constant C ą 0, such that we have

}p1 ´ p2}L2pΩq ď C
´

}Bνpu1 ´ u2q}˚ ` |log }Bνpu1 ´ u2q}˚|
´1
¯ε
.

}Bνu}˚ :“ }Bνu}H1p0,T;L2pΓ˚qq
, u P H2.
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Weak observability for the Schrödinger eq.

Let the linear Schrödinger equation
$

&

%

iBtv`∆v “ 0 in Ωˆ r0,8q,
vpx, tq “ 0 on BΩˆ r0,8q,
vpx, 0q “ v0pxq in Ω

(1)

Theorem
Let Γ0 be a non-empty open subset of BΩ. For any µ P p0, 1q and
T ą 0, there exists C ą 0 and λ0 ą 0 such that for any non-identically
zero initial data u0 P H2pΩq, we have

}v0}
2
L2pΩq ď C

„

1
γ2µ }v0}

2
H2pΩq ` eCγ

ż T

0

ż

Γ0

|Bνvpx, tq|2 dxdt


for any γ ě γ0.
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Weak observability for the Schrödinger eq.

Step 1: Observability of the Heat eq.
Let h ą 0, we consider the linear heat equation

"

Bsw`∆w “ f in Ωˆ p0, hq,
wpx, sq “ 0 on BΩˆ p0, hq,

(2)

Theorem
Let Γ0 Ă BΩ. Then there exists Ch ą 0 such that

ż

Ω
|wpx, 0q|2 dx ď Ch

ˆ
ż h

0

ż

Γ0

|w px, sq|2 dxds`
ż h

0

ż

Ω
|f px, sq|2 dxds

˙

Carleman parabolic estimates.
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Weak observability for the Schrödinger eq.

Step 2: Connection between the Schrödinger’s and the heat eqs.
Let µ P p0, 1q and choose m P N˚ such that 0 ă µ` 1

2m ă 1. Put
ρ “ 1´ 1

2m ą µ. For any γ ě 1, the function

Fγpzq “
1

2π

ż

R
eizτe´pτ{γ

ρq2m
dτ, z P C,

is holomorphic in C. Moreover, there exists four positive constants C1,
C2, C3 and C4 (independent on γ) such that

|Fγpzq| ď C1γ
ρeC2γ|Imz|1{ρ , @z P C,

and

|Fγpzq| ď C1γ
ρe´C3γ|Rez|1{ρ @z P tz P C, |Imz| ď C4|Rez|u
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Weak observability for the Schrödinger eq.
Step 2: Connection between the Schrödinger’s and the heat eqs.
Now, let s, t P R, we introduce the following Fourier-Bros-Iagolnitzer
transformation as in (Lebeau-Robbiano)

wγ,tpx, sq “
ż

R
Fγpt ` is´ τqϕpτqwpx, τqdτ ,

where ϕ P C80 pRq, t P I and s P p0, hq.

Let v be a solution of the following boundary value problem in
"

piBt `∆qvpx, tq “ 0 in Ωˆ p0,Tq,
v “ 0 on BΩˆ p0,Tq.

In connection with the operator piBt `∆q, we define the parabolic
operator in Ωˆ p0, hq for some h ą 0 by pBs `∆q.
Since

pBs `∆qvγ,tpx, sq “
ż

R
Fγpt ` is´ τqpiBτ `∆q pϕpτqvpx, τqq dτ
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Connection between the Schrödinger’s and heat eqs

We have vγ,t satisfies the following IBVP in Ωˆ p0, hq.
$

&

%

pBs `∆q vγ,tpx, sq “ Gγ,tpx, sq in Ωˆ p0, hq,
vγ,tpx, sq “ 0 on BΩˆ p0, hq,
vγ,tpx, 0q “ pFγ ˚ ϕvpx, ¨qqptq in Ω,

where
Gγ,tpx, sq “ ´i

ż

R
Fγpr ` is´ τqϕ1pτqupx, τqdτ.
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Weak observability for the Schrödinger eq.

Step 3: Estimations
1 There extis ϕ P C80 pRq and I Ă p0,Tq such that

}Gγ,t}L2pΩˆp0,hqq ď Ce´Cγ }v}L2pΩˆp0,Tqq , t P I.

2

}vpx, ¨q}2L2pIq ď }xϕvpx, ¨q ´ pFγxϕvpx, ¨q}2L2pRq `

ż

I
|vγ,tpx, 0q|

2 dt

ď
C
γ2µ }Btpϕvqpx, ¨q}2L2pRq `

ż

I
|vγ,tpx, 0q|

2 dt
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Thank you
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